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ABSTRACT

This work is intended to study the moments of distributions and in
particular Pareto-II distribution named after Italian Scientist, Vilfredo Pareto.
This study was guided by the following objectives; to obtain the rth moment,
obtain the mean, variance, skewness and kurtosis of the Pareto-II distribution and
finally obtain some numerical results of the moment.

The study employed the knowledge of differential and integral calculus
with transformation of variables to obtain several expressions as we shall be
seeing. Statistical software «R” was used to run analysis and obtain numerical
results of the moments.

Findings revealed that the parameters of the distribution are important in
determining the behavior of the moments. From the findings, it implied that the
study of moments is important and applicable to study of distributions.
Keywords: Moments, Parameter, Distribution, Mean, variance, Skewness,

kurtosis.




CHAPTER ONE

INTRODUCTION

1.0. BACKGROUND OF THE STUDY

Like every other works of Statistics, the knowledge and understanding of
moments cannot be underestimated as it finds it application in Random Variables.
This section of this chapter highlights an introduction to moments of random
variables with respect to Pareto Type Il distribution.

In mathematics, the moments of a function are quantitative measures
related to the shape of the functions’ graph. The concept is used in both
Mechanics and Statistics. The Moment of random variables (or of it distribution)
are expected values of powers Or related function of the random variable. The
moment of a random variable can be computed by using either its Moment

Generating Function, if it exist or it characteristics function.

In studying moments of random variable, we define the “r™” moment. The

«th» 1 oment of a random variable say “x” about the origin is defined by
™ X" o X" P(x) whenxis discrete

EXD= .
= [ 4 § (x)dx when x is continuous

In particular, if the first moment i.c r=1 is taken, then this becomes the

mean denoted as pi = E(x) which is the center of location of a distribution.



Also, if r=2, then this becomes the second moment i.e E(X? which is
known as the variance. If r=3, i.e E(X®) we refer to the third central moment which
is the measure of the lopsidedness of the distribution, any symmetric distribution
will have a third central moment, if defined, of Zero. A distribution that is skewed
to the left will have a negative skewness while a distribution that is skewed to the
right will have a positive skewness. If the fourth central moment is taken, i.e r=4

is a measure of heaviness of the tail of the distribution

In mathematical Statistics, there are different types of distribution but in
the course of this study, our focus is to study the moment of a particular
distribution known as the Perato type II Distribution.

Pareto distributions are the most popular models in economics, finance and
related areas. In fact, the first Pareto distribution due to Pareto was used to model
the allocation of wealth among individuals. Since Pareto, several extended Pareto
distributions have been proposed in the literature and have been applied in a wide
variety of fields. The list of applications is too exhaustive, however, some recent
applications have included: income modeling the wealth distribution in the
Forbes 400 list, commercial fire loss severity in Taiwan, city size distribution in
the United States. Pareto distributions are increasingly being used to model
problems in economics and finance. Hence, it is essential to have tools to check
the goodness of fit (GOF) of Pareto distributions. Several tests have in fact been

proposed to check the GOF of Pareto distributions, however, we ar¢ not aware of




any review covering all known tests for Pareto distributions. Such a review is
essential for practitioners given the wide spread use of Pareto distributions and
such a review could also encourage the development of more GOF tests.

The Perato-II also known as Lomax distribution was named after Italian
Economist and sociologist Vilfredo Pareto. It is sometimes referred to as the
Pareto Principle or “80-207 rule. The Pareto Distribution was first employed in
Italy in the 20" Century to describe the distribution of wealth among the
population, it is used in describing Social, Scientific and geographical phenomena
in society. It definition was expanded in the 1940° by Dr. Joseph M. Juren. In the
1890s, Vilfredo Pareto studied income tax data from several countries. He plotted
the number of people earning an income above a certain threshold against the
respective threshold on double logarithmic paper and revealed a linear
relationship. The corresponding income distribution was more skewed and
heavy-tailed than bell-shaped curves: Pareto felt that he had discovered a new
type of “universal law” that was the result of underlying economic mechanisms.
Since then. Pareto’s discovery has been confirmed and generalized to the
distribution of firm size (Axtell (2001) and wealth, which also follow Pareto
distributions in the upper tail. According to Gabaix (2016), this is one of the few
quantitative “laws” in economics that hold across time and countries. A striking
qualitative feature of Pareto tails is large inequality: for example, the top 1% gets

about 20% of pre-tax income in the United States. Therefore, understanding the



source of Pareto distributions is a first order question for the economics of

inequality

1.1. AIM AND OBJECTIVES
The aim of this study is to examine the moments of the Pareto-I1
Distribution
The objectives are:
i. To obtain the r™ moment
ii. Obtain the Mean, Variance, Skewness, and Kurtosis

iii.  To obtain some empirical results of the moment

1.2. SIGNIFICANCE OF THE STUDY

The importance of the study of moments to distributions cannot be
overemphasized as it finds many applications and uses in the study of
distributions. Moments are very useful in Statistics because they tell you more
about your data and obtain some certain information. There are four common
applications of moments to distributions viz: Mean, variance, skewness and
kurtosis. The mean gives a measure of centre of the distribution when r=1, the
square root of the variance is the standard deviation, and this explains the
dispersion of the data about the mean when r=2. Skewness describes the shape of
the distribution for r=3, and kurtosis measures the peakedness or flatness of the

distribution if r=4



1.3. DEFINITION OF TERMS

Random Variable: In probability and statistics, a random variable or stochastic
variable is described informally as a variable whose values depend on outcomes
of a random phenomenon. It is a variable whose value is unknown or function
that assigns values to each experiment’s outcomes

Distribution: A distribution in Statistics is a function that shows the possible
values of a variable and how often they occur.

Moments: Moments are set of statistical parameters to measure a distribution.

1 4. STRUCTURE OF THE STUDY

This section emphasizes on the structure of this study, it gives a summary
of what the reader expects as they progress through the pages of this work.
Chapter One gives an introduction to the study, discussing the moments of
random variable and an introduction to the Pareto-1l distribution. It also
highlights the aim and objectives of the study, the significance of the study and
definition of some basic terms.

The next chapter (Chapter Two) will be reviewing literature that are
relevant to the study of Perato-II Distribution. In Chapter we shall take a look at
methodologies of the study, chapter IV we look at Data Analysis and Application.

The Study is concluded in chapter V with a summary of all the preceding

chapters and also a general conclusion of the study.
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CHAPTER TWO

LITERATURE REVIEW

2.0 INTRODUCTION

The Pareto Distribution named after Italian Sociologist and Economist
Vilfredo Pareto was first employed in Italy in the early 20™ Century to describe
the distribution of wealth among the population. Therefore it is pertinent to do a

review of literature on this study and it applications

31 LITERATURE REVIEW ON PARETO DISTRIBUTION

According to Pareto (1895), social institutions could not be the underlying
reason for these regularities, as they were observed in very different societies. He
also dismissed random chance, as chance does not produce such thick tails. He
corcluded that Pareto distributions must arise from “human nature.” The modermn
cconomics literature has used either random growth models or the distribution of
primitives to explain the emergence of Pareto distributions. In random growth
models. the stochastic process is assumed to be scale independent (Gibrat’s
(1931) law), and one looks for stationary distributions created by that process.
Gibrat’s law also intuitively leads to scale independence in the stationary
distribution created by the process — thus a power law distribution — and Zipf’s

(1949) law when frictions become small.




Vilfredo Pareto’s magnum opus was his (1916) ‘Treatise on General
Sociology’. This was written, for the most part, before the First World War,
although it was not published in English until 1935, twelve years after his death.
Writing in 1966, the political scientist Sammy Finer rated this as ‘the most
pregnant work of political science in the last half century’, because be believed it
provided a rich source of testable hypotheses for future researchers (Pareto 1966,
87). This was Pareto’s intention. He felt that it made good sense, for scientists
and historians alike, to theorise with generalities before moving to specifics
(Pareto 1935, §144, §540). Hence ‘general sociology’ had to precede the various
‘special sociologies’ such as political sociology. Pareto believed that once he had
established a general framework theory for sociological investigation, social
scientists following after him could begin to contribute detail to his theory at
- micro sociological levels more amenable to empirical enquiry. He valued his own
general theory with some humility, hoping others would rework its constituent
parts to accommodate future research findings

In 1974 Salem and Mount suggested that a simple gamma distribution
might be adequate to fit income distributions. Cramer (1978) pointed out that it
fares quite well when compared to the log-logistic (i.e., Pareto (IIT) with p = 0).
Singh and Maddala (1976) had proposed the Pareto (IV) model using an argument

involving decreasing failure rates
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Singh and Maddala (1975, 1978) proposed a rich family of Lorenz curves
for fitting purposes. This family included the Weibull, logistic and Pareto IV
curves. These suggestions further augmented the list of possible distributions one

might consider in fitting income data

Kloek and Van Dijk (1978) provided an attempt to empirically select a
suitable distribution from the wide variety available. It is interesting that they still
failed to fit the data well. Perhaps we must fall back to Mandelbrot’s observation
that, since for low incomes the typical distribution is erratic, it is unlikely that a
single theory can account for all features of income distribution. Rather than
throw up our hands in dismay, we may well go right back to Pareto and restrict

efforts to modeling only the upper tail of the income distribution

The Lomax distribution is known as a special form of Pareto Type - 11
distribution (Pareto, 1898), the cumulative density function of Pareto Type - 11

is given by:

F(x):[iH-x M] Xz H

a

Specifically the Lomax distribution is a Pareto type II distribution with
X, = Aandu=0.Itis also a mixture of exponential and gamma distributions.
It belongs to the family of decreasing failure rate in the lifetime context,
(Chahkandi and Ganjali 2009) and also arises as a limiting distribution of residual

lifetimes at great age (Balkema and De Haan 1974). This distribution has been




suggested as a heavy-tailed alternative to the exponential, weibull and gamma
distributions. Furthermore, It is related to the Burr family of distributions
(Tadikamalla, 1980) and as a special case, can be obtained from compound
gamma distributions (Dubey, 1970). Harris (1968) used Lomax distribution to
analyze income and wealth data. Atkinson and Harrison (1978) also used it for
modeling business data, while Corbelini et al (2007) used it to model firm size
and queuing problems. Lomax distribution is used as the basis for several
generalizations, for example Al-Awadhi and Ghitany (2001) used Lomax
distribution as a mixing distribution for the Poisson parameter and derive a
discrete Poisson-Lomax distribution and Punathumparambath (2011) introduced

the double-Lomax distribution and applied it to IQ data.

Cordiero et al (2014) proposed a new generalized Lomax family of
distributions called the generalized Lomax — G family with two extra positive
parameters 10 generalize any continuous baseline distributions. Some special
model such as Lomax — Normal, Lomax — Weibull, Lomax — Logistic and
Lomax — Pareto distributions were discussed. Some mathematical properties
of the new generalization including ordinary and incomplete moments.
Quantile and generating functions, mean and mean deviations distribution of
order statistics were presented. They discuss the estimation of model
parameters using the Method of Maximum Likelihood. They also defined a

Log — Lomax — Weibull regression model for censored data.



Osagie and Nosakhare (2020) introduced a new three parameter
Lomax-Exponential distribution. They presented its defining functions and
statistical properties such as quantile function, moments, inequality curves,
eniropy measures, measures of residual life and order statistics were
discussed. Inferences for point and interval estimation for the parameters of
the Lomax — Exponential distribution were presented. Application of the new
distribution to lifetime data 1s illustrated to determine the usefulness and

applicability in lifetime analysis.

Champernowne (1953) is perhaps the first of such random growth models
for incomes, and Simon and Bonini’s (1958) for firms. Kesten (1973), Gabaix
(1999), and Luttmer (2007) are other examples of this approach. There is also a
literature that links hierarchies to power law distributions, in the case of both
firms and cities — for example Lydall (1959) for firms and Beckmann (1958) for
cities. Hsu (2012) is a micro foundation of Beckmann (1958) using central place
theory, and in which a multiplicative process occurs at the spatial level rather than
in a time dimension. Another way the literature has generated Pareto distributions
is by using Pareto as primitives’ distribution, such as Lucas (1978), Helpman et
al. (2004), Chaney (2008), Tervid (2008) and Gabaix and Landier (2008). The
boundaries of the firm are defined as in the span of control model of Lucas (1978).
who first formalizes that the limits to the boundaries of the firm can arise from

limited managerial attention. Garicano (2000) is more explicit about what

10



management is; his model leads to the kind of production functions that T
emphasize in this paper.4 Garicano and Rossi-Hansberg (2006) is certainly the
most closely related paper: They investigate the implications of the Garicano
(2000) model on the distribution of incomes, but make no mention of Pareto
distributions.

Pickands (1975) introduced the generalized Pareto (GP) distribution and
has since been applied to a number of areas including socio-economic
phenomena, physical and biological processes (Saksena & Johnson, 1984),
reliability studies and the analysis of environmental extremes. Davison & Smith
(1990) pointed out that the GP distribution might form the basis of a broad
modelling approach to high-level exceedances. DuMouchel (1983) applied it to
estimate the stable index a to measure tail thickness, whereas

Davison (1984a, 1984b) modelled contamination due to long-range
atmospheric transport of radionuclides, van Montfort & Witter (1985, 1986) and
van Montfort & Otten (1991) applied the GP distribution to model the peaks over
a threshold (POT) stream flows and rainfall series, and Smith (1984, 1987, 1991)
applied it to analyse flood frequencies and wave heights. Similarly, Joe (1987)
employed it to estimate quantiles of the maximum of iv observations. Wang
(1991) applied it to develop a POT model for flood peaks with Poisson arrival
time, whereas Rosbjerg et al. (1992) compared the use of the 2-parameter GP and
exponential distributions as distribution models for exceedances with the parent

distribution being a generalized GP distribution. In an extreme value analysis of

i1
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the flow of Burbage Brook, Barrett (1992) used the GP distribution to model the
POT flood series with Poisson inter-arrival times. Davison & Smith (1990)
presented a comprehensive analysis of the extremes of data by use of the GP
distribution for modelling the sizes and occurrences of exceedances over high
thresholds. Methods for estimating the parameters of the 2-parameter GP
distribution were reviewed by Hosking & Wallis (1987).

Quandt (1966) used the method of moments (MOM), while Baxter et al
(1980, 1981) used the method of maximum likelihood estimation (MLE) for the
Pareto distribution. The MOM, MLE and probability weighted moments (PWM)
were included in the review, van Montfort & Witter (1986) used the MLE to fit
the GP distribution to represent the Dutch POT rainfall series and used an
empirical correction formula to reduce bias of the scale and shape parameter
estimates. Davison & Smith (1990) used the MLE,PWM, a graphical method and
least squares to estimate the GP distribution parameters. Wang (1991) derived the

PWM for both known and unknown thresholds.

Kotz and Balakrishnan (1994) and Rodriguez (1977). In most of these
references the distributions are labeled Burr distributions. The moments of the
classical Pareto distribution were known in the nineteenth century. It is only in
the Pareto (I) and (II) cases that simple expressions are obtainable for the
variance. The unpleasant form of the expressions for the variances of the various

distributions should not be cause for alarm. In the context of modeling income

12




distributions, the variance is not often of importance. It is much more important
that other measures of inequality be related in as simple a manner as possible to
the parameters in the distribution

Tadikamalla (1980) provides discussion and a diagram displaying the
range of possible values of the skewness and kurtosis measures for the Pareto
(IV) distribution.

Seal (1980) provides an expression for involving the exponential integral
function.

Nadarajah and Kotz (2006) give an expression in terms of the Whittaker
function, while Takano (2007) presents an expression involving confluent
hypergeometric functions

Al et al (2003) presented the geometrical properties of the Pareto
Distribution

Ismail (2004) discussed a simple estimator of the shape parameter of the
Pareto distribution.

Thorin (1977) showed that the Pareto (1) (0,6,0) distribution is a
generalized transform and thus is infinitely divisible. A shorter alternative proof
was provided by Berg (1981).

Blum (1970) considered the case of a sum of n independent Pareto I (a,1)
random variables. He showed that an asymptotic expansion obtained. Blum
devoted considerable attention to the form of these coefficients. The expression

is probably only of technical interest. It, obviously, has potential as a tool for

13



identifying the limiting distribution for sums of Pareto variables. Blum made use
of it in that context.

Ramsay (2003) provides an alternative expression for fn(x) in terms of
exponential integral functions for the case in which a is a positive integer

Charles Powers (1987) reaffirms Finer’s estimation that it is Pareto’s broad
sociological framework theory which retains most value. He argues that this has
a timeless relevance because it ‘provides lessons about the social structural
dynamics which have operated throughout human history’ (Powers 1987, 11). As
will shortly be explained. Powers tries to distil his theory and restate its key
claims as a detailed set of empirical propositions. In doing this, he felt he was
completing Pareto’s sociological project (Powers 1987, 12). Powers’ restatement
of Pareto argues that ‘social sentiment’, ‘economic organization’ and ‘political
organization’ are each characterized by cyclical change. His ‘elementary theory’
for each of these cyclical processes consists of a set of interlocking mechanisms.
Each of these mechanisms has a similar structure, whereby it is claimed that one
kind of change is likely to induce another kind of change (if A A then A B). Then
Powers lists further mechanisms which explain how the endogenous dynamics of
the social, political and economic cycles are likely to impact exogenously upon
each other. In other words, we are given detailed explanations for how economic
change is likely to influence the direction of social and political change, how

social change is likely to influence the direction of political and economic change,

14



and how political change is likely to influence the direction of social and

economic change

Gupta et al. extended the Pareto distribution by raising

GxBk)=1- (g)" to a positive power. In this note, we refer to this extension as

the exponentiated Pareto (EP) distribution. Recently, many authors have
considered various exponentiated-type distributions based on some known
distributions such as the exponential, Rayleigh, Weibull, gamma and Burr
distributions; see, for example, Gupta and Kundu and, Surles and Padgett, Kundu
and Ragab and Silva et al. The methods of moments and maximum likelihood

have been used to fit these models

Akinsete et al and Mahmoudi extended the Pareto and GP distributions by
defining the beta Pareto (BP) and beta generalized Pareto (BGP) distributions,
respectively, based on the class of generalized (so-called “beta-G”) distributions
introduced by Eugene et al. The generalized distributions are obtained by taking
any parent G distribution in the cdf of a beta distribution with two additional
shape parameters, whose role is to introduce skewness and to vary tail weight.
Following the same idea, many beta-type distributions were introduced and

studied, see, for example, Barreto-Souza et al, Silva et al and Cordeiro et al.
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2.2. SUMMARY
In this chapter,
are essential to this study. It is obvio

on the topic and it applications

we have been able to review some relevant literatures that

us that a lot of works have been carried out

to different field of study
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CHAPTER THREE

METHODOLOGY

3.0. INTRODUCTION
In this chapter, we want to explore the moment of the Pareto Type II-distribution.
The aim is to find a functional form for the moment, obtain the first, second, third

and fourth moment.
31 PARAMETER ESTIMATION OF PARETO-II DISTRIBUTION
Maximum Likelihood Estimation Method

As observed by the properties and the characteristics of the Pareto-II
distribution, the parameters; shape and scale parameter have certain behavior

which can be estimated.

Once a model is specified with its parameter and data collected, one is ina

position to evaluate its goodness-of-fit that is if it fits the observed data.

The Maximum Likelihood Estimation Method (MLE) is used to estimate

the parameters of the Pareto-II distribution.

The Pareto-11 probability density function (PDF) is given as

—(a+1)

a X
et e
0 elswehere

17



Applying the Maximum Likelihood Estimation to estimate the two — parameters

(shape a and scale A parameter).

Let x4, X, X, be arandom sample of Pareto-II distribution, Then the Likelihood

function is expressed as:

n o=loth)
Loy, X2, X5 @A) = ﬂ(% (1 < %) )
=1

Where i = 1(1)n

n
an X —(a+1)
L(xi; cr,l) = (F) E (1 +—IL)

=0

Taking the Log - Likelihood function, to obtain;

n
x.
LogL = nloga — nlogA — (a + 1)2 log [1 +—Iﬂ
i=1

. s : . dLogl
Differentiating LogL with respect to &, A that 1s Laof n

n
dLogL n X
e ol Z}log[l%— A]
=

dLoglL
——a-f— and equate to zero.

Q)=

- ilog[uﬂ] i
i=0 A
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3.2

THE CUMMULATIVE DENSITY AND PROBABILITY DENSITY
FUNCTIONS

We shall obtain the Probability Density Function of the Pareto Type il
distribution given it cumulative Density Function

It Cumulative Density Function (CDF) is given as

-

F(x)zl—(1+%)

And it Probability Density Function (PDF) is given as

—(a+1)

fo=7(1+3)
Proof

To obtain a Probability Density Function, we differentiate it Cumulative

Density Function,

(-0

. Ly d d du . ;
Using Chain’s rule 4y _ & x — to differentiate
dx du dx

19




x
Letu = 1+1'

du b ]}
dx 2 "
Recall that
X =g
Vi 1-— [1 +'Z]
==
dy =t
o (—)u
= qu %t o

iyt e ) #

e 2t dx e A
1

= E(xu'“'l

S

Recallthatu =1 +§

—(a+1)

a x
f(x) = 1 [l + -i] sk
Equation (¥**) is the Probability Distribution Function (PDF) of the

Pareto type 11 distribution (QED)
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3.3 THE RAW MOMENT

Pareto type 11 distribution. The

We wish to obtain the raw moment of the
ution is given as

raw moment of any given continuous distrib

UL = E(X") = f f(x)dx
0

U}=%Jxr l1+ﬂ dx
0

Recall the Beta Function given as

oo xy_l
ﬁ(x,Y)=[m17 dt 2

0

Comparing Equation 1 and 2 we have that

t—x i
il =

d
Bl g e i =
at

Applying the change of variables above to make equation 2 look like 1.

From equation 1 above becomes

a r (At)"
et e e
Ur =73 T+ DD x A dt
0

21




o0
a }LT't?"

H = 7 W x Adt
Si(;nplifying further
g = G e
A J (1 + t)x+D)
o t’”
= alrj m dt 3
0

Equation 3 is the intended equation. Comparing equation 2 and 3 observe
that

r=y—1=>y=r+1

Also (@ +1) = (x +¥)
= e ¥ 11 =0Cda+1)
=> g+l=x+r+1 i

Making x the subject of the equation in **** becomes
i s
L=

wx=a—-randy=r+1

Recall the Beta function stated above in equation 2
0

S

s = | g @
0

7

E(x,y)zﬁ(a-—r, r+1)= J’-ﬁ—;%———dt
0

]{fz-i-l:‘:

U

o [y
[1 iy t]l‘a’-?—"‘j
0

: = ad B((a—71), 7+ 1)

2



Equation 4 is the raw moment of the Pareto type II distribution

Equation 4 can be further expressed as a relationship between the Beta
and Gamma function i.e

Ix L'y
'x+y

plx,y) =

i Ble~r)Trt+1
Be-nr+) =5 T e+ D

o) B 1]

1 — Ar
L [Fa—r+r+1

F rI‘(a—-r)Fr+1
U”'“A[ T(a+ 1) ]

3.4. THE FIRST, SECOND, THIRD AND FOURTH MOMENTS

We can obtain the properties of the distribtion i.e the first, second, third
and fourth moments otherwise known as the mean, variance, skewness and
kurtosis repesctively from equation 5 above.

The First Moment: r=1 (Mean)

To obtain the mean, we simply put r = 1 in equation 5
From equation 5 above, ifr = 1 becomes

M(a—Dri+1
Ullz“’l[ T(z+ 1) }

LB Ma—1)T2
i [I‘(a+1) ]

2Bt =
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F(a—l)z(a—l-—l)lz(a—Z)!

F(a+1)=(a+1—1)!=a!

C [@=2) _ f—2)
Ull’“’l”[ pr ]*“A[a(a—l)(a—m]

This is the first moment or mean of the Pareto Type 11 distribution

The Second Moment: r=2 (Variance)

Similarly, we put 7=2 in equation 3 t0 obtain the variance of the distribution

B M(a—2)I2 +1
o “’12{ T(a+ 1) ]

Tl — 2)13
0= o[ |

r3=2
Ma—2)=(a—2—1)!=(a—3)
e+ =(@+1-Di=a

(a—3)! X2
al

hE (a—3)
U} = 2a8 Lo " D@ -2)(@ - 3)

i — el

Dividing like terms so that

g 2A%
UV: =@-D@-2)
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But variance = E(X?) — [E(X)]?
Ui — [U11?
A

—_— —

Where is the Mean found earlier Uj = o

R 22
112 = — —————
[U1] (o: - 1) (¢ —1)%
- variance = U} — [U1]?

27% A2
- D@—2) [(a—1)

2

A2 (Z(a —1)—(a— 2))

(g 1) (¢ —2)(a—1)
Simplifying to get
e a

@-1D (@-2(@-1

ar? 2
@-12a-2) 5

This is the the Second moment of the Pareto Type II distribution

otherwise knownn as the variance

The Third Moment © = 3 (Skewness)

Similarly to obtain the third moment, we selL 7 = 3_in equation 5 above and

simplify.

Now inserting r=2 in Equation 5
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R —

Ma—3)T3+1
Uy ~ah ["“ﬁﬁ'i_'_ 1

= T(a—3)4
3 Ta+1

r4=3r3==6
F(a—-3)=(a:—3—-1)!=(a-—4)!

F(a—l—l):(a-%—l—l)!:a‘.

i [am )
Ui = 6ak’ o " Ty(a—2)(a—3@—)

Dividing to take out like terms

! 643
37 (a—L(ax—2)(a- 3)

The expression for skewness is given as

2U3 T 3U1U2 + U3

3
U,2
Where
U3 __2( A )3 4 217
1~ *\(a—1) T (a—1)°

el ((a-l))((a—-l)(a—l’))‘ ((a—-l)z(a-Z))
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623
(a — 1) (a— 2= 3)

[ e

(a —1)%(a—2) X (a —1)¢(a —2)3

U3:

2
2

Uz

Tnserting all into the expression for skewness

o 623 613
(@—1)3 @=D2@-2)  (@a-Da-2)(@—3)
Vo

(a— 1% —2)°

Simplifying further gives

2l +a) je=2 g3
a—3 o

he pareto distribution

The expression is the third moment or skewness of t

Th;a fourth Moment r = 4 (Kurtosis)

We can obtain the Kurtosis which is the peakedness of the distribution by

putting 7 = 4.in equation 5 and simplifying
Ma—4)T4+1
. AZ
e =0 [ Tor + 1 l

I'(a—4)T5
=
“ Ta + 1

I'S5=24
I‘(a—4)=(a—-4~—1)!:(a—5)‘.

MNa+1) =al
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i oy
Ul = 24alt i
a!

24ndt (= 5]
ala—1)(a— 2 (i 3) e A)(a —5)

Dividing like terms

242*
(a — D(a— 2)(a — 3){a — 4)

The expression for Kurtosis (Spearsons moment) is given as

U4 =) 4‘U1U3 + 6U% U2 i 3U-f
Var?(X)

Where
i 241
i (a—D)(a—2)(a— 3) (e — 4)

1 6A°
4U U3 = ((a 1)) ((a =AM = 2@~ 3))

4 6A*
7 4((a D@ —2)@ - 3))

6l =0 . s )
il = 0\ e | \la = lia=2)

’ 9
5 ((a —1)3(a — 2))

3U4—3( A )4__ > ¥
17 \(a—1) '(fr—-l)‘j’

2

ai?
VU.T'Z(X) = ((a o 1)2((1 _ 2))
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Inserting all into the expression for Kurtosis stated above

244" 61 . Ph
(@—1)(a—2)(a—3)(a— - : ((rx —1)2(a—2)(a — 3)) g ((a —1)3(a — 2)) W ((a = 2)4)
2

al*
((af —1)¥(a-2)

From further simplification, we obtain the kurtosis of the distribution

given as

3 2
U1=6(a’ +a?—6a—2) _
* a(a —3)(a—4)

3.5. SUMMARY
In this chapter we have been able to find expresions for the raw moment, the

first, second, third and fourth moments using the knowledge of calculus and

transformation of variables.
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CHAPTER FOUR

ANALYSIS AND APPLICATION

4.0. INTRODUCTION

In this chapter, we shall take a look at analysis and aplication of methods
of results that were obtained in the preceeding chapters. The aim is to choose
numerical values for the parameters that fits into the raw moment.

A value is choosen for a parameter and kept constant at different levels
while varying the other parameter value to observe the trend in the across the first,
second, third and fourth moments of the distribution under study at the differents
levels. Also, we shall find the mean and variance, skewness and kurtosis. This is
basically the essence of this chapter and will be presented in a tabulaf form to
give a simplistic, reader friendly understanding of this chapter.

4.1. ANALYSIS AND INTERPRETATION

=14 =459 k=15 (constant) a>rvVa+r
Table 1.0 | Parameter Values
Moments | 0=4.5, =5, 0=0, =7, =8, 0=9,

s =15 |aels sl sty T e L
U, |04286 [03750 [03000 |0.2500 02143 |0.1875
U, |05142 03750 [0.2250 |0.1500 [0.1071 | 0.0803
U, |15428 |08438 (03375 |0.1686 0.0964 | 0.0603

18.5143;5.0‘625 10125 103375 |0.1446 |0.0723
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Table 1.1

149.4444 | 73.8000 27.8571

From the tables above, the first table represents the outcomes of the individual

moments when the parameters are assigned values. In this case, h is held constant

at 1.5 while o varies from 4.5,5,6,7,8 and 9.

Taking a very close look at the table, we observe a trend or pattern in the
outcome. At the first colum where & =4 5 and A = 1.5 we can se¢ an increase in
value from the first moment down the fourth. At the second column, we observe

that the first moment and the second takes the same values, shortly followed by a

trmendous increase from the 3" moment to the Al

At the 3 and 4™ columns, W€ observe a similar trend between both, such
that there is a decrease from the 15 to 2*¢ moment and a sudden increase from the
31 down to the 4" moment. The same pattern is observed in the 5% and last
columns but this time a decrease from the 1% to 3™ moment and an increase at the
4% moment.

Meanwhile, at the Tows for each moments, there is a decrease for o=4.5to

9 and A= 1.5. The second table provides values for the mean, variance, skewnes
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and kurtosis for each column of the first table. From observation, a similar trend
follows for each column of the table. A decline between the mean and variance
followed by an Increase from the skewness to the kurtosis.

Table for r=1,2,3,4 o= 10,11,13-16,A=3 (constant) a>rVaFr

Table 1.2 Parameter Values

3 A=3 A=3 =3 A=3 b
0.3333 0.2500 0.2308
0.1154 [0.0989

Table 1.3

| Skewness 2.8111 2.4825

I
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r=1234 =17-22,h= 4 (constant) asrvyeFETr

Table 1.4 T aramsian Nalnes
| Moments | o=17, o=18, =19, 0=20,

| \ = dtt =4 =4
U, 02500 |02353 [02222 |02105

0.0842 |0.0761
0.0561 |0.0481
0.0528 |0.0428

Us 0.0784 0.0660
i 0.0837 |0.0660

Table 1.5

2.4154 23884 |2.3648
Kurtosis | 12.8862 12.3474 | 12.1301 11.7703

Table 1.2 shows values for increased value of o and Yiaatia—10 15

14,15, 16 and 12=3 followed by a table for it mean, variance and skewness. From
the table, we observe trends in the rows and columns similar to the ones earlier
obtained. At the first column, there is a decrease between the first and second
moments followed by an increase from the third to the fourth. The same trend is
seen in the second column, but at the third colum, we se¢ a decrease from the
first to the third moments.

Meanwhile, across every row there is a decrease in as the valiue of o
increases.
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Table 1.3 also show values for increased \ at 4 and increasing ¢ from 17

to 22 with it corresponding mean, variance, skewness and kurtosis. The trend

follows a similar pattern like table 1.2 i.e decrease in value from the first moment

shortly followed by an increase at certain point.

In general, from all the table of @ and A we can make the following

assumptions:

s If the values of ais relatively small, like in the first table, the values of

each moment at each columns are large but as o gets larger (comparing

with the succesive tables) the values for the first to the fourth moments

declines and tends to Zero.

= At every constant value of . there is always a decrease across the rows

= [f the values of o increases with constant or varying yalue for A, the

values from first to fourth moment decreases, tending 10 Zero at the

rows and columns.

In previous tables, we try to look at trends that occurred at different values

of « while holding 4 constant. In subsequent table, we look at a reverse case for

a fixed value of a while varying A and observe the patterns that occur across

different tables if the values arc increasing,
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Kurtosis | 149.4444 | 149.4444 149 4444 | 149.4444 | 149.4444 149.4444

Table for a= 4.5 (constant) A = 2, 2.5, 3.55.4,5 a>rvVaFrT
Table | Parameter Values
1.6

|
Mom | a=4.5 a=4.5 a=4.5 o=4.5 a=4.5 0=4.5
ents | A=2 =2.5 =3 2=3.5 =4 2=5

I 05714 0.7143 0.8571 1.0000 1.1428 1.4287
Uil 09143 1.4286 2.0571 2.8000 3.6571 5.7143

R R 7.1428 123428 | 19.6000 |29.2571 57.1428
936.2286 |2285.7140

0. 13585143 | 142.8571 | 296.2286 | 548.8000
u_Li,/JI il B

0.5714 \0.7143 0.8571 \1.0000

0.5878 0.9184 1.3223 1.8000

Table 1.7
Mean

1.1428 \ 1.4287 ‘

23311 3.0731

Variance

5.4659

5.4659 54659 |5.4659 -

Table for =1,2,3,4 0=35.5 (constant), A = 7-12 a>rYaFr

Parameter Values

0=5.5 =11 | 0=5.5

263.3143
8426.0507

1 202.8190

‘1111.0857 ]152.3810
; *1664.4060‘2666.0570 14063.4920 | 5949.3590
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s of Analysis obtained for assigning values

The tables represents the result

S the parameters & and A. Unlike the previous tables wh
ase, a will be held at constant.

ere A was held constant

ibile varying &, here the reverse becomes the ¢
45and A = 2.2.5; 3,3.5,4,5 from the

Table 1.6 represents valuesat @ =

creasing in row and column as the value of 4

able, we observe an increase, in
increases. We also observe that the values for 31 and 4™ moment are very large

previous tables where A is constant.

compared to the
mean, variance, skewness and kurtosis, from

Table 1.7 are values for the

alue of mean and variance follows the same trend as it

the table, the trend in Vv
nts except that the skewness and kurtosis have a constant values

table of mome
g of the Pareto 11

t that the skewness and kurtosi

throughout, this is due to the fac

distribution are void of the paramenter A
We also examine the trend when the values of @ and A are increased in
table 1.8 and 1.9. We see that the values are largely increasing across the TOWS

and columns.
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Table \ Parameter Values

sl

o=8 o=9
1=8 =9

_1 1428 -1.1250
b 4.1667 3.0476

41.6571 31.2500 14.6286 |13.0179

1499.6570 625.0000 | 259. ; 117.0286 | 93.7286

=45

i 2237 :

Table 2.1

Mean 12857 | 1.2500 | 1.2000 | 1.1667 1.1428 | 1.1250
Variance | 2.9755 | 2.6042 | 2.1600 19056 | 17415 | 16272
54659 | 4.6476 | 3.8103 33806 | 3.1177 | 2.9397
Curtosis | 149.4444 | 73.8000 | 38.6667 578571 | 22.7250 | 19.7556

Parameter Values

u=11 o=12 o=13 o=14 o=15
A=11 =12 =13 =14 =15

11000 | 1.0909 {0833 |1.0769 |1.0714
2.7778 2.6889 2.5606 S E108 | 24725

U; | 11.9048 |11.0917 104727 | 9.9864 9.2719
U, |793651 |69.7191 628364 | 57.6989 |53.7287 |50.5744
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Table 2.3

m 1.1000 | 1.0909 | 1.0833 1.0769 | 1.0714
Variance | 1.5432 | 1.4789 T42a | 13869 | 13534 1.3246
\ Skewness | 2.8111 | 2.7136 26372 | 25756 | 2.5249 2.4825
17.8286 | 16.4805 | 15.4861 14.7231 | 14.1195 | 13.6303

In preceeding tables, we have looked at what happens when a parameter is

Kurtosis

constant and the other is varied. In the following tables, we want to observe
patterns when both parameters & and 1 are held constant. Table 2.0 to 2.3 are the
values obtained for a and A from 4.5to 15

From the table we can se¢€ that at each column where « and A are constant,
the values from the first to fourth moment along the column is increasing
meanwhile across the row for each individual moments the values are decreasing.
The same trend is observed in the tables that contain the mean, variance, skewness
and kurtosis. This is quite similar to table 1.0 where & was varied and A was

constant

4.2. DISCUSSION ON FINDINGS

Having applied values to study the behaviour of moments partaining to the
Pareto Il distribution, we hereby make a discussionary view of our findings.
Based on information obtained from table 1.0 as the value of @ increases across

the row, the values for individual moments bgins to decrease, if this continues, as
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o — o, the 4™ moment approaches zero. In table 1.6, if A is increasing, the values
are increasing both row and columnwise
Generally. we can make the following few assumptions;
= Atany constant value of A, there is always a decrease across the row
= We can say that « is responsible for the decrease in value across the row
for each moment if A is constant.
= The skewness and kurtosis are not greatly affected when A is varied at a
constant .
s The increase in value across the row for each moment can be attributed to
the parameter A.
4.3. SUMMARY
In this chapter, we have been able to look at the behaviour of moments
partaining to the Pareto I distribution by applying values to parameters and
observing the trend that occurs with each moments and with the mean, variance,

skewness and kurtosis. With the help of Statiscal Software “R”
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CHAPTER FIVE

SUMMARY AND CONCLUSION

5.0. SUMMARY

This chapter concludes the work with a summary of work done from the
preceeding chapters. So far, we have focused on the study of moment of Pareto
I distribution. The nascence of this work was set out in chapter one with an
‘ntroduction to moments, the aim and objectives to be accomplished, significance
of the study and definition of some basic terms.

In the next chapter, we were able to review some literature done by scholars
generally on Pareto Distribution, we also looked at the methodology in chapter
three where we obtained various expressions using the knowledge of differential
and integral calculus combined with transformation of variables, we were able to
obtain the probability density function given it Cummulative density function, we
then moved on to obtain the expression for the raw moment using the knowledge
of integration and transformation of variable from the beta function which
enabled us to obtain expressions for the first, second, third and fourth moment
when r=1.2.3.4 respectively.

In chapter four, we dealt with analysis and application of methods obtained
in chapter threc. We obsereved the behaviour of each moments by choosing
numerical values for the parameters of the distribution and also discuss the
findings.
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5.1. CONCLUSION

One of the most important aspect of probability distribution is the study
of moments. It is very important and applicable to probability distributions as
we have seen in this study. We believe that a thorough study of this can assist
in various ways such as describing the measure of centre of data as in the mean,
it could also help in describing the variabiility of the data from the centre of
location.

Study of moment is also important in determining the normality of
distribution by information obtained from the skewness and kurtosis. A normal
distribution will have a skewness of zero, if the kurtosis is greater than 3 then
the dataset has heavier tails than a normal distribution.

In this regard, Pareto distribution, originally applied to describing the
distribution of wealth in society has found it application in description of
social,quality control, scientific, geophysical, actuarial and many other

phenomena.
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> ml<-rmoments(1,4.5,1.5)

> ml

[1] 0.4285714
> m2

[1] ©.5142857
> m3

[1] 1.542857
> m4

[1] 18.51429
> variance
[1] 0.3306122
> skewness
[1] 5.465944
> kurtosis
[1] 149.4444

ml<-rmoments(1l,5,1.5)

m2<-rmoments(2,5,1.5)

m3<-rmoments(3,5,1.
md<-rmoments(4,5,1.

> ml

102 375

> m2

[ 05:3725

> m3

L] 0484375

> mé

[1] 5.0625

> variance

[1] 0.234375

> skewness

[1] 4.64758

> kurtosis

738

> ml<-rmoments(1,6,1.5)

m2<-rmoments(2,6,1.5)

m3<-rmoments(3,6,1.5)

m4<-rmoments(4,6,1.5)

> ml

ald [0

> m2

Fla 0,225

~>m3

10 L3375

> m4

[1] 1.,0125

> variance

[#] @135

> skewness

[1] 3.810317

> kurtosis

[1] 38.66667

> ml<-rmoments(1,7,1.5)

> m2<-rmoments(2,7,1.5)

> m3<-rmoments(3,7,1.5)

5)
5)

VvV VYV

5
5
5
5

VeV

APPENDIX

> md<-rmoments(4,7,1.5)
> ml

[1] 0.-25

> m2

[1]. @15

> m3

[1] 0.16875
> m4

LIl 83345

> variance
[1] 0.0875

> skewness
[1] 3.380617
> kurtosis
[1] 27.85714

ml<-rmoments(1,8,1.5)
m2<-rmoments(2,8,1.5)
m3<-rmoments(3,8,1.5)
m4<-rmoments(4,8,1.5)
> ml

1] 0:2142857

> m2

[1] 0.1071429

> m3

[1] 0.09642857

> m4

[1] 0.1446429

> variance

[1] 0.06122449

> skewness

[L]: 3117691

> kurtosis

L] 22 725
ml<-rmoments(1,9,1.5)
m2<-rmoments(2,9,1.5)
m3<-rmoments(3,9,1.5)
m4<-rmoments(4,9,1.5)
> ml

E1]L B 875

> m2

[1] 0.08035714

> m3

[1] 0.06026786

> m4

[1] 0.07232143

> variance

[1] 0.04520089

> skewness

[1] 2.939724

> kurtosis

[1] 19../5556

vV VVYy

v

NNV

> ml<-rmoments(1,10,3)
> m2<-rmoments (2,10, 3)

44

> m3<-rmoments(3,10,3)
> md4<-rmoments(4,10,3)
> ml

1) 033335333

> m2

(1] @25

> m3

[1] 0.3214286

> m4

[ 056428571

> variance

[1] 0.1388889

> skewness

[L] 2811057

> kurtosis

ELl 1782857,

ml<-rmoments(1l,11,3)
m2<-rmoments (2,11, 3)
m3<-rmoments(3,11,3)
md<-rmoments (4,11, 3)
ml

] 0.3

> m2

EL] 0.2

> m3

(1] 0225

> m4

[1] 0.3857143

> variance

B & [ e]

> skewness

[1] 2.713602

> kurtosis

[1]1 16.48052

N N NN

v

ml<-rmoments(1l,13,3)
m2<-rmoments(2,13,3)
m3<-rmoments (3,13, 3)
md<-rmoments (4,13, 3)
> ml

El0S25

> m2

[1] 0.1363636

> m3

(11 01227273

> m4

[1] 0.1636364

> variance

[1] 0.07386364

> skewness

[ 2.575625

> kurtosis

[1] 14.72308

>

N B T




NN

>
[
>
[
=3
[
b3
[1
>
[1
>
Bl
=
[t

v VVYV

>
[1
>
[
>
[1
>
1
>
[1
>
[t
>

[1

ml<-rmoments(1,14,3)
m2<-rmoments(2,14,3)
m3<-rmoments(3,14,3)
m4<-rmoments(4,14,3)
ml

1 0.2307692

m2

1 0.1153846

m3

] 0.09440559

m4

1052132867

variance

71 0.06213018
skewness

] 2.524964

kurtosis

] 14.11948

ml<-rmoments(l,15,3)
m2<-rmoments(2,15,3)
m3<-rmoments (3,15, 3)
m4<-rmoments (4,15,3)
ml

1 0.2142857

m2

] 0.0989011

m3

] 0.07417582

m4

] 0.08091908
variance

1 0.05298273
skewness

1 2.482532

kurtosis

1] 13:6303

ml<-rmoments(l,16,3)
m2<-rmoments(2,16,3)
m3<-rmoments(3,16,3)
md<-rmoments(4,16,3)

[1] 0.08571429

>

m3

[1] 0.05934066

>

m4

[1] 0.05934066

>

variance

[1] 0.04571429

>

skewness

[1] 2.446468

>

kurtosis

[1] 13.22596

vV VYV

ml<-rmoments(1,17,4)
m2<-rmoments(2,17,4)
m3<-rmoments(3,17,4)
md<-rmoments(4,17,4)

[
B
>
>
>

>

111234737
ml<-rmoments(1,20,4)
m2<-rmoments(2,20,4)
m3<-rmoments(3,20,4)
md<-rmoments(4,20,4)
ml

> ml

[T] 0:25

> m2

[1] 0.1333333
> m3

[1] 0.1142857
> md

[1] 0.1406593
> variance
[1] 0.07083333
> skewness
[1] 2.415437
> kurtosis

[1] 0.2105263
> m2

[1] 0.09356725
> m3

[1] 0.06604747
> m4d

[1] 0.06604747
> variance

[1] 0.04924592
> skewness

[1] 2.343806

> kurtosis

[17 12.13015

[1] 32 .88623

o

N W

ml<-rmoments(1l,18,4)
m2<-rmoments(2,18,4)
m3<-rmoments(3,18,4)
m4<-rmoments(4,18,4)

v

v vV

ml<-rmoments(l,21,4)
m2<-rmoments(2,21,4)
m3<-rmoments(3,21,4)
md<-rmoments (4,21,4)
ml

> ml

[1] 0.2352941
> m2

[1] 0.1176471
> m3

[1] 0.09411765
> m4

[1] 0.107563

> variance

[1] 0.06228374

>

B 01

> m2

[1] 0.08421053
> m3

[1] 0.05614035
> mé

[1] 0.05283798
> variance

[11 0.04421053
> skewness

>

skewness

[1] 2.38845

>

kurtosis

[1]. 1259683

>

e
>
>

ml<-rmoments(1,19,4)
m2<-rmoments(2,19,4)
m3<-rmoments(3,19,4)
m4<-rmoments (4,19,4)

[11 2.32513

>
EiL
>
>
>
>

>

kurtosis

11193931
ml<-rmoments(1,22,4)
m2<-rmoments(2,22,4)
m3<-rmoments(3,22,4)
mb<-rmoments(4,22,4)
ml

> ml

[L] 0.22222.22
> m2

[1] 0.1045752
> m3

[1] 0.07843137
> mé4

[1] 0.08366013
> variance

[1] G.05519245
> skewness

[1] 2.364763

> kurtosis

45

[1] 0.1904762
> m2

[1] 0.07619048
> m3

[1] 0.0481203
> mé

[1] 0.0427736
> variance
[1] 0.0399093
> skewness
[1] 2.308383
> kurtosis
[1] 11.77033




NMoONSNL Y

>

ml<-rmoments(l,4.
m2<-rmoments(2,4.
m3<-rmoments(3,4.
5520

m4<-rmoments (4,4
> ml

[1] 0.5714286

> m2

[1] 0.9142857
> m3

[1] 3.657143

> méd

[1] 58.51429

> variance

[1] 0.5877551

skewness

[1] 5.465944

>

kurtosis

[1] 149.4444

>

N I

ml<-rmoments(l,4.
m2<-rmoments(2,4.
m3<-rmoments(3,4.
mid<-rmoments(4,4.

ml
[1] 0.7142857
> m2
[1] 1.428571
> m3
[1] 7.142857
> mé
[1] 142.8571
> variance
[1] 0.9183673
> skewness
[1] 5.465944
> kurtosis
[1] 149.4444

vV VYV

ml

[1] 0.8571429
> m2

[1] 2.057143
> m3

[1] 12.34286
> md

[1] 296.2286
> variance
[1] 1.322449
> skewness
[1] 5.465944
> kurtosis
[1] 149.4444

v

5, 2)
5:2)
552

ml<-rmoments(1,4.5,3)
m2<-rmoments(2,4.5,3)
m3<-rmoments(3,4.5,3)
m4<-rmoments(4,4.5,3)

ml<-rmoments(l,
m2<-rmoments(2,
m3<-rmoments(3,
m4<-rmoments (4,
> ml

i B e

> m2

[

> m3

E1: 1956

> m4

[1] 548.8

> varijance<-(m2-mlA2)

> skewness<-(((2*ml1A3)-(3
#m1¥m2) +m3) / ((m2-m1A2)A(3
/2)))

> kurtosis<-((m4-(4*ml*m3
)+(6*m1A2*m2) - (3*m1rd)) /(
m2-mlA2)A2)

> variance

[]ens

> skewness

[1] 5.465944

> kurtosis

[1] 149.4444

> ml<-rmoments(l,4.5,4)
m2<-rmoments(2,4.5,4)
m3<-rmoments(3,4.5,4)
m4<-rmoments(4,4.5,4)

> ml

[1] 1.142857

Y VV V VY

NN

> m2
[1] 3.657143
> m3
[1] 29.25714
> mé

[1] 936.2286

> variance

[1]:2:35102

> skewness

[1] 5.465944

> kurtosis

[1] 149.4444

> ml<-rmoments(l,4.5,5)
m2<-rmoments(2,4.5,5)
m3<-rmoments(3,4.5,5)
m4<-rmoments(4,4.5,5)
> ml

[1]1 1.428571

> m2

[1] 5.714286

> m3

[1] 57.14286

N NN

46

> m4

[1] 2285.714
> variance
[1] 3.673469
> skewness
[1] 5.465944
> kurtosis
[1] 149.4444




