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ABSTRACT

Enterohepatic Circulation (EHC) is the process by which bile acid are secreted from

the liver into the bile, excreted into the small intestine and then reabsorbed back into

the liver. This efflux process is spurred by drug saturation, which is a condition in

which the rate of absorption of the drug is limited by the rate of transport to the liver

or the rate of secretion into the bile. EHC plays a crucial role for several liver and

gastrointestinal functions such as bile flow, solubilization and excretion of cholesterol,

clearance of toxic molecules, intestinal absorption of lipophilic nutrients, as well as

metabolic and antimicrobial effects. Despite its positive impact in human homeostasis,

it is known that EHC can increase toxicity of drugs(due to incomplete elimination

during recycling), increased risk of gallstones which result to systemic diseases such as

cholelithiasis, bile duct cancer, pancreatic cancer and hepatotoxicity(drug liver injury).

In the formulation of a Physiologically Based Pharmacokinetic Model of EHC Drugs

with Saturation Kinetics is formulated. The model is affected by secreted drug in the

hepatocyte and gastrointestinal compartment with delay effect on metabolites. The drug

toxicity threshold parameter and delay effect accounting for gallbladder and intestine

disorder(alter the rate of bile circulation) will be discussed. The model is rigorously

analyzed on Drug Free Equilibria, Drug Saturation Equilibria, Toxicity Equilibria

and Drug Reabsorption Equilibria. Threshold value for Pathological parameter for

which there exist a trans from Hoph bifurcation to periodic system was established.

The direction of Stability (super critical and subcritical) was also established. Global

and Local stabilities were also investigated.

The results from the analysis showed that drug saturation induces toxicity in the

absence of pathological defect parameters when Drug Toxicity Number (DTN) is

xi



greater than one .Whereas in the presence of pathological parameters (Mild Case),

Drug Toxicity does not annul the physiological state of the compartments hence

cannot effect drug reabsorption. There exist a threshold for pathological parameters

for which drug reabsorption occurs, and defect in physiological compartment

progresses from mild to acute case when pathological parameters exceed this threshold

i.e τ1 + τ2 > v2+2m2
η2

. Hoph bifurcation analysis on the Drug Free and Drug Saturation

Equilibria showed that there exist an upper bound for which the system remains

asymptotically stable. Numerical results obtained from this work will provide a

framework for Pharmaceutical Policies and decisions on EHC.
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Chapter 1

Introduction

Enterohepatic circulation (EHC) also known as Enterohepatic recycling,
refers to the influx process of synthesize drug ( metabolites) from the
liver to the gallbladder, excreted through Bile into the Gastrointestinal
tract and subsequently reabsorbed into the liver. This efflux process
is spurred by drug saturation, which is a condition in which the rate
of absorption of the drug is limited by the rate of transport to the
liver or the rate of secretion into the bile. Enterohepatic circulaton is
an indispensable concept in toxicology as many Lipophilic xenobiotics
such as Phenytoin, Propranolol, Digoxin, Lidocaine etc causes repeated
liver damage. EHC can increase toxicity of drugs (due to incomplete
elimination during recycling), increased risk of gallstones which result
to systemic diseases such as Cholelithiasis, bile duct cancer, pancreatic
cancer and hepatotoxicity (drug liver injury).

1.1 ANATOMY OF EHC

In other to ascertain the influx and efflux processes of EHC process, a
good understanding of anatomical features involved in EHC process is
required . This establishes a foundation for the dynamics of EHC drugs
as it relates to each compartment in the body. The organs involved in
EHC processes includes the following organs:

• LIVER: Some of the physiological functions of the human liver are
metabolism, detoxification, blood filtration, bile Production. It is
major site for drug metabolism. Hepatocyte and cholangiocyte are
the two cells found in the liver. Hepatocyte absorb substrate from
the blood and secrete metabolite in the bile.They are the only cells
in the body responsible for conversion of cholesterol to bile acids
(Mehendale, 1987).

The human liver is segmented in lobes, the left and the right lobes (Plaa,
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Figure 1.1: Anatomy of Liver

1991). The right lobes is section into posterior and anterior, while the
left liver is section into medial and lateral sections.

• PORTAL VEIN

Portal vein is a connective tissue that transport blood from the gas-
trointestinal tract, gallbladder, pancrease and spleen to the liver (figure1
of portal vein). An estimate of 75% of liver blood is influx through
the portal vein. The hepatic vein transport blood from the liver to the
heart. It is formed by circuit of the superior mesenteric and splenic
veins (Klaassen, 1984). Portal vein is divided into the left and right
portal Veins at the helium (Hofmann, 1976).

The blood transported by these veins is rich in nutrients and metabo-
lite that have been absorbed from the GIT . These nutrients and
compounds are synthesize in the liver ( bile secretion) or sustained
in the central compartment. Despite the minimum oxygen influx by
portal vein, it still accommodate 50-70% of its required oxygen for the
liver. This is due to high influx rate of the portal vein where 75% of the
blood provided to the liver comes through the portal vein. The hepatic
artery provides the leftover 25% of liver blood supply(Plaa, 1991).

• GALLBLADDER

Gallbladder is a pear shaped sac attached to the posterior surface of
the liver connected to the tissue. The average length and volume of
the gallbladder are eight to ten centimeters and thirty to fifty Litres
respectively. The gallbladder is anatomically divided into three parts;
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Figure 1.2: Anatomy of Portal Vein

the fundus, the body, and the neck (Richard, 2005). The neck of the
gallbladder is attached to the hepatic duct via the cystic duct, which is
around three to four centimeters long. The proximal part of the cystic
duct contains the valves of Heister which is believed to aid in regulating
gallbladder emptying and filling (Melnik, 1998). The gallbladder receives
its blood supply via the cystic artery. The venous drainage of the
gallbladder is carried out via the cystic vein draining to the portal vein.

Figure 1.3: Anatomy Gallbladder
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• GUT ABSORPTION

Orally administered drugs goes through an absorption process from the
gut to the systemic circulation. Factors that determines the magnitude of
absorption are classified into: physiological such as gastric emptying and
lumen PH; physiochemical like pKa and drug solubility; and environmen-
tal including the presence of food and the gut composition of microflora
(Plaa, 1991). Absorption begins with the drug crossing the gut wall, at
where the drug may undergo metabolism and transport by the present
enzymes and transporters, respectively (Jonsson, 1998). EHC process can
be influence by metabolizing enzymes in the gut wall due to metabolite
formation. Gut wall transporters like Pglycoprotein, present on the
apical surface of the intestinal epithelium, may expel the drug back to
the gut lumen and therefore reduce the drug absorption (Hellstern, 1990).

1.2 PHARMACOKINETICS OF EHC

The liver produces bile, which is stored in the gallbladder. When food is
eaten, the gallbladder releases bile into the small intestine. Bile helps to
digest fats and absorb nutrients. Some of the bile acids are not absorbed
by the intestine and are excreted in the feces. The remaining bile acids
are reabsorbed by the small intestine and transported back to the liver.
The bile acids are then recycled and released back into the small intestine.

Enterohepatic circulation influences the dynamics of pharmacokinetic
parameters. It is known that EHC increases drug bioavailability and
changes plasma concentration curves of the drug (Phillips, 1986). Its
also spurs multiple peaks in concentration time profile (Lenzen, 1999)

1.2.1 MODE OF DRUG ADMINISTRATION

Mode of drug administration also known as drug delivery is a method
by which Xenobiotics get to the internal environment of the body to
achieve a therapeutic effect. Drugs get to the body through different
route. The choice of administration depends on Pharmacokinetics of the
drug, drug formulation, therapeutic window, health status of patient,
age and developmental stage, etc.

The main method of drug administration are:
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Figure 1.4: Flow diagram of EHC process (Influx Process)

Figure 1.5: Flow diagram of EHC process (Influx Process 2)

• Enteral Route: This involved drug been administered orally
through the mouth or nasogastric tube. The enteral route of can be
Sublingual and buccal route. This means the drug is not swallowed
but kept under the tongue or in the oral cavity between the gum
and cheek. The mucosa of the oral cavity is highly absorptive,
hence blood can enter the systemic circulation , avoiding the acid
condition of the stomach.

• Topical Route: This involved application of drugs to the skin

5



or an orifice. The topical route of administration have numerous
advantages, such as slow absorption and small amount of drug get
to the area of the body other than where the drug was applied,
which allows circulation through the blood stream once absorbed .

• Parental Route: Parental route involves injection of drugs with
needle,which makes it a more invasive method of drug administra-
tion.There are different ways to make the injection. Which are:
intradermal subcutaneous,intraveneous,intramuscular.

Figure 1.6: Sublingual and Buccal

1.3 NONLINEAR KINETICS OF DRUGS

The circular influx and efflux of enterohepatic drug spurred by drug
saturation in the liver and intestine is best captured by nonlinear kinetics
which involves the use of nonlinear function called Michealis Menten to
relate drug saturable transport and metabolism (Michealis & Menten,
1913). The Michealis Menten equation is define as follows:

v = vmax × s

km + s

where
vmax = the rate of reaction (transport or metabolism)
s = the drug concentration
km = Michealis Menten constant (half of the reaction rate).
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There are various order of kinetics in Michealis Menten equation.
These orders are :

• Zero Order Kinetics: The substrate concentration is by far higher
than Michealis Menten constant(s� km).

• First Order Kinetics: The substrate concentration is by far lesser
than Michealis Menten constant (s � km). Hence, the reaction rate
becomes directly proportional to drug concentration.

1.4 PHARMACOKINETICS PROCESSES

Pharmacokinetics(PK) studies the dynamics of drug in relation to
human homeostatis. Basically the study of the distribution, absorption,
metabolism, excretion and the metabolism (ADME) of xenobiotics.
Pharmacokinetics does not limit its scope to healthy or normal subjects
but rather it includes variations in bioavailability, physiological or
pathological conditions, disease related dose adjustment, and drug
interactions. Combined, these aspects of PK allow customisation of
drug dosage regimes to enhance outcomes.

• Absorption is an irreversible process that involves movement of
drugs from the site of administration to the central compartment.
Drug absorption rate is usually captured by gastrointestinal tract
in PK models. The rate of absorption can be represented as either
constant (zero order) or first order ( amount of drug is proportional
to eliminated drug) in the absorption compartment.

• Distribution is the influx and efflux of drug from systemic compart-
ment to tissues compartments. Drug distribution rates in PK model
are often represented by diffussion or linear rate constants between
different compartment.

• Elimination is the irreversible process by which the body get rid of
drug by excretion or by metabolism. Drug Elimination can be linear
or nonlinear, The Elimination processes is said to be nonlinear if
it is saturable i.e enzymes in metabolic compartment (Liver) are
saturated by drug captured by Michealis Menten function. For
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linear case enzymes are unbounded by drug, hence the rate of drug
absorption is less or equal to the rate of elimination.

• Metabolism entails the synthesis of drug by enzymes.Enzymes are
active by their cells,without which they cannot perform optimally.
Hepatocytes and Enterocyte are the cells for liver and gastrointesti-
nal tract compartment. Drug metabolism largely occurs in the liver
but can also occur in the kidneys, lungs, skin (Golan, 2012).

1.5 SIGNIFICANCE OF THE STUDY

The EHC plays a key role in drug metabolism by continuously recycling
bile acids and some drugs between the liver and the intestine. When
this circulation is delayed or disrupted, it can cause changes in drug
concentration and may lead to increased toxicity. Many existing pharma-
cokinetic models do not fully account for these nonlinear effects, which
limits their ability to accurately predict such outcomes.
This study helps fill that gap by developing a mathematical model
that includes both saturation kinetics and the bile delay effect to
better understand how drugs behave in the body. By considering these
physiological processes, the model provides a more realistic view of how
bile flow and delay influence drug levels and toxicity.
The stability and Hopf bifurcation analyses identify the conditions under
which drug levels remain steady or begin to fluctuate, revealing how
changes in bile circulation can affect the overall system. The sensitivity
analysis also shows that increasing bile delay leads to a higher drug
toxicity number, meaning that drugs stay longer in the body and can
reach harmful levels. Based on this finding, patients with bile excretion
problems or delayed enterohepatic circulation should avoid drugs that
rely heavily on this recycling process.
Overall, this research is significant because it improves understanding of
how bile circulation affects drug safety. It provides a theoretical founda-
tion for designing safer medications, optimizing dosage, and supporting
better clinical decisions for patients with liver or bile-related disorders.
It also opens new opportunities for future research in pharmacology,
toxicology, and mathematical modeling.
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1.6 STATEMENT OF THE PROBLEM

The enterohepatic circulation (EHC) is an important process that
helps recycle bile acids and certain drugs between the liver and the
intestine. This circulation affects how long a drug stays in the body
and how it is metabolized. However, when there is a delay in bile
flow or when bile excretion is impaired, drugs can accumulate in the
system, increasing the risk of toxicity. Most existing pharmacokinetic
models do not fully capture these complexities. They often assume that
bile circulation happens instantly and overlook the effects of bile delay
and saturation kinetics. As a result, such models may fail to predict
changes in drug concentration accurately, especially in patients with
liver or bile-related disorders. There is also limited knowledge about how
different pharmacokinetic parameters affect the stability of the system,
the possibility of oscillations in drug concentration, and the overall risk
of toxicity. Without this understanding, it becomes difficult to design
safe and effective dosing regimens for drugs that undergo enterohepatic
recycling. For this reason, it is important to develop a mathematical
model that realistically represents the enterohepatic circulation, including
the effects of bile delay and saturation kinetics. Such a model can
help explain how these factors influence drug levels, system stability,
and toxicity, ultimately supporting safer drug development and better
clinical decision-making.

1.7 AIM AND OBJECTIVES OF THE STUDY

The aim of the study was to develop a delay nonlinear differential models
incorporated with saturation kinetics for enterohepatic circulation with
drug reabsorption. The objectives of the study are to:

1. formulate nonlinear delay differential equation models for the study
of EHC with drug saturation kinetics and bile delay effect; Two
physiological model was established to capture with and without
Pathological defect

2. apply mathematical techniques and tools from nonlinear dynamical
systems to analyze the formulated model; Hoph bifurcation analysis,
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global stability, direction of Hopf Bifurcation,backward bifurcation,
local stability and sensitivity analysis.

3. study the delay effect of metabolite on EHC (with and without drug
saturation) and investigate EHC efficiency with drug reabsorption
number; generate the drug reabsorption number using the Next
Generation Matrix

4. carry out sensitivity analysis so as to identify key factors affecting
reabsorption of drug and pharmacokinetic parameters such as drug
clearance, volume of distribution, half life and plasma concentration
profile.

1.8 SCOPE OF STUDY

This study focuses on developing a mathematical model to better
understand how enterohepatic circulation, saturation kinetics, and bile
delay affect drug behavior in the body. The goal is to explore how changes
in bile flow and delayed recycling can influence drug concentration,
stability, and toxicity.
The research is mainly theoretical and computational. A system of
differential equations is developed to represent how drugs move between
the liver, bile, and intestine. The model includes factors such as bile
secretion, reabsorption, and saturation effects, as well as a time-delay
term to account for the delayed return of bile components to the liver.
Several analytical methods are used to study how the system behaves
under different conditions. These include local and global stability
analysis, Hopf bifurcation analysis, backward bifurcation analysis, and
sensitivity analysis. The sensitivity analysis focuses on how pharmacoki-
netic parameters affect the drug toxicity number, helping to identify
which parameters have the strongest influence on toxic effects.
All pharmacokinetic and parameter data used in this study are sourced
from DrugBank, a reliable and publicly available drug information
database. No experimental or clinical data were collected. Instead,
the study relies on mathematical modeling and computer simulations
to analyze the system’s dynamics.
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Overall, the study provides theoretical insights into how bile circulation
and delay influence drug toxicity. The findings can help improve drug
formulation, guide dosage decisions, and support safer use of drugs—es-
pecially for patients with liver problems or bile flow disorders.

1.9 DEFINITION OF ENTEROHEPATIC TER-
MINOLOGIES

Enterohepatic terminologies encompass pharmacokinetic and physiologi-
cal parameters that describe drug absorption, distribution, metabolism,
elimination, and recycling between the liver, bile, intestine, and sys-
temic circulation. These parameters are essential for understanding
drug disposition and for developing pharmacokinetic models involving
enterohepatic circulation.

• Absorption: The process by which a drug moves from the site of
administration into the systemic circulation.

• Bioavailability (F): The fraction of an administered dose that
reaches the systemic circulation in an unchanged form.

• Distribution: The reversible transfer of a drug between the
systemic circulation and body tissues.

• Volume of distribution (Vd): A theoretical volume that re-
lates the total amount of drug in the body to the plasma drug
concentration.

• Plasma drug concentration (Cp): The amount of drug present
in plasma at a given time.

• Maximum plasma concentration (Cmax): The highest plasma
concentration attained after drug administration.

• Time to maximum concentration (Tmax): The time required
to reach Cmax following drug administration.

• Elimination: The irreversible removal of a drug from the body
through metabolism and excretion.
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• Clearance (CL): The volume of plasma from which the drug is
completely removed per unit time.

• Half-life (t1/2): The time required for the plasma concentration of
a drug to decrease by 50%.

• Area under the curve (AUC): The area under the plasma
concentration–time curve, representing total systemic drug expo-
sure.

• Metabolism (biotransformation): The enzymatic conversion of
a drug into metabolites, primarily occurring in the liver.

• Excretion: The removal of a drug or its metabolites from the body,
mainly via renal or biliary routes.

• Steady-state concentration (Css): The condition in which the
rate of drug administration equals the rate of drug elimination.

• First-pass metabolism: The presystemic metabolism of a drug
in the liver and intestinal wall following oral administration.

• Hepatic blood flow (Qh): The volume of blood delivered to the
liver per unit time, influencing hepatic drug uptake and clearance.

• Hepatic clearance (CLh): The ability of the liver to eliminate
drug from the systemic circulation via metabolism and biliary
excretion.

• Biliary excretion rate constant (kbile): The rate at which drug
or drug conjugates are transported from hepatocytes into bile.

• Bile flow rate (Qbile): The volume of bile secreted by the liver
per unit time, determining drug delivery to the intestine.

• Gallbladder emptying rate (kgb): The rate at which bile con-
taining drug is released into the small intestine.

• Intestinal drug amount (Aint): The quantity of drug present in
the intestinal lumen available for reabsorption.
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• Intestinal reabsorption rate constant (kreabs): The rate at
which drug is reabsorbed from the intestine into systemic circulation.

• Fraction reabsorbed (freabs): The proportion of biliary-excreted
drug that is reabsorbed from the gastrointestinal tract.

• Intestinal transit time (Ttransit): The time taken for drug to
pass through the gastrointestinal tract, influencing the extent of
reabsorption.

• Gut wall metabolism (CLgut): The metabolic clearance of drug
by intestinal enzymes prior to systemic re-entry.

• Enterohepatic recycling fraction (FER): The fraction of the
administered dose that undergoes enterohepatic circulation.

• Bacterial hydrolysis rate constant (kbact): The rate at which
intestinal microflora deconjugate drug metabolites back to the
parent drug.

• Fecal excretion rate constant (kf): The rate at which drug is
eliminated via feces without reabsorption.
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Chapter 2

LITERATURE REVIEW

Enterohepatic circulation (EHC) plays a vital role in EHC drugs, as
it influences drug pharmacokinetics by decreasing drug clearance and
influence plasma concentration of drugs, necessitating specialized models
for accurate analysis. Several models have been formulated to investigate
the dynamics of EHC process for drugs like Phenytoin. In this section,we
shall consider some of the resent articles on the subject.
Hassan (2021) Formulated a three-compartment model incorporated
with drug re-absorption parameter. His work demonstrating local
asymptotic stability under certain conditions. His model is given as :

dX1(t)
dt

= D1 − (k10 + k12 + k13)X1(t) + k21X2(t − τ1) + k31X3(t − τ2)
(2.1)

dX2(t)
dt

= D2 − k21X2(t − τ1) + k20X2(t) + k12X1(t) (2.2)
dX3(t)

dt
= D3 − k31X3(t − τ2) − k30X3(t) + k13X1(t) (2.3)

His findings showed that time delays used as lags in re-absorption of
drugs by central compartment from other two compartment causes
rebounds or peaks and fluctuations in the time profiles for amounts
of drug in all compartments.
Ibarra (2021) proposed deterministic pharmacokinetic model that
captures enterohepatic and enterogastric circulation and compare their re-
spective impact on primary pharmacokinetic parameters, with enterohep-
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atic reabsorption (EHR) and enterogastric reabsorption(EGR) models.

dAc

dt
= kaAG + khcAH − (kch + kcg + kr)AC (2.4)

dAH

dt
= kchAC + kghAG − (khc + khb + kh)AH (2.5)

dAG

dt
= kcgAC + b(t) − (ka + kgh + kg)AG (2.6)

dAc

dt
= khbAH − b(t) (2.7)

dAc

dt
= kaAG + khcAH − (kch + kcg + kr)AC (2.8)

dAH

dt
= kchAC + kghAG + kshAS − (khc + kh)AH (2.9)

dAS

dt
= kcsAC − (ksc + ksh + ks)AS (2.10)

dAG

dt
= kcgAC + s(t) − (ka + kgh + kg)AG (2.11)

dAsl

dt
= ksAS − s(t). (2.12)

His findings indicated that the magnitude of drug enterohepatic reabsorp-
tion is positively correlated with the volume of distribution, regardless
of drug characteristics. Further, drug enterohepatic reabsorption can
decrease the systemic clearance of drugs eliminated mainly through
hepatic metabolism. In these cases, a greater impact is expected for
drugs showing low hepatic extraction. For renally cleared drugs, no
significant impact is expected. Finally, the oral bioavailability of drugs
with high liver extraction could result increased following an increase
in the extent of reabsorbed drug.
Ramanmoorthy (2021) designed a bio-compartmental model of en-
terohepatic circulation,which estimated the concentration of bile acid in
different compartment.The model estimates various clinical manifesta-
tions of gallbladder and intestine describing the variable concentration
of the bile acid.

dx3
dt = kgx2 − (kb + ke3)x3
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Table 2.1: Simulation of EHC Compartment

dx1
dt = −(ki + kie)x1 + kbx3 + klAC

It was established that bile acid concentration in different pathological
conditions alters the physiology of enterohepatic circulation.
Dengra et al., 2021 formulated a new physiological mathematical
model, which includes the three most important factors in brain delivery
(barrier transport, the disposition within the brain and drug–brain
binding) and is able to predict brain concentration levels in rats for
different drugs, has been developed.

Vd
dCp

dt
= KaA − PSBBBin.Cu,p + PSBBBoutCu,p − PSBCSFBinCu,p

+PSBCSFoutCCSF + QsinkCCFS − kelCpVd

Vb
dCb

dt
= PSBBBin.Cu,p − PSBBBoutCu,p − QbulkCu,b

VCSF
dCCSF

dt
= PSBCSFBinCu,p − PSBCSFBoutCCSF − QsinkCCFS + QbulkCu,b

dA

dt
= −KaA.

16



They established that the physiologically based pharmacokinetic model
(PBPK), incorporating the barrier resistance to transport, the disposition
within the brain and the drug-brain binding combined with MDCK
data, provided the best predictions for passive diffusion and carrier
mediated transported drugs, while in the other cell lines, active transport
influence can bias prediction.
Franchetti (2019) developed a physiologically based pharmacokinetic
(PBPK) model consisting of seven compartment for intravenously ad-
ministered erythromycin, incorporating transporter and cytochrome
P450(CYP3A4) clearance in hepatic compartments . The model leverages
on 14CO2 production rates from the erythromycin breath test to assess
different nonrenal elimination route. The formulated model is given by:

dCLG

dt = 1
VLG

[QTotal(Cvein − CLG

PLGP /PBLP
) − QTotal( CLG

PLGP /PBLP
− CArt)]

dCvein

dt = 1
Vvein

[Qkd( CKD

PKDP /PBLP
− Cvein) + QLV CLV +

QOT ( COT

POT P /PBLP
− Cvein) − QTotal(Cvein − CLG

PLGP /PBLP
)]

dCOT

dt = 1
VOT

[QOT (CArt − COT

POT P /PBLP
) + QOT (a COT

POT P /PBLP
− Cvein)

-µCOT ]
dCKD

dt = 1
VKD

[QKD(CArt − CKD

PKDP /PBLP
) − QKD( CKD

PKDP /PBLP
− Cvein)−

δeGFR fuBLCKD

PKDP /PBLP
−

VMax,OUT 1,KD( fuBLCKD
PKDP /PBLP

)

Km,OUT 1,KD+( fuBLCKD
PKDP /PBLP

)
]

dCES

dt = 1
VES,eff

[QLV,ArtCArt − QLV,V ein
CES

PESP /PBLP
−

QES−LC,LV (fu,ESCES

PESP
− fu,LCCLC

PLCP
) −

VMax,UP 1,ES( fuBLCES
PESP

)

Km,UP 1,ES+( fuBLCES
PESP

)
]

dCLC

dt = 1
VLC

[VMax,UP 1,ES( fuBLCES
PESP

)

Km,UP 1,ES+( fuBLCES
PESP

)
+ QES−LC,LV (fu,ESCES

PESP
− fu,LCCLC

PLCP
)−

VMax,OUT 11,LC( fu,CLC
PLCP

)

Km,UP 1,LC+( fu,CLC
PLCP

)
−

VMax,OUT 21,LC( fu,CLC
PLCP

)

Km,UP 1,LC+( fu,CLC
PLCP

)
− CLCY P fuLC,

CLC

PLCP

dC∗∗
LC

dt = 1
VLC

[CLCY P fuLC
CLC

PLCP
] − (kpool1 + kresp)C∗∗

LC + kpool2C
∗
poolBL

His findings showed that activity of non renal elimination pathway can
be estimated within individual study subjects with a single probe drug.
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Model reveal reasonable accord with observed epithelial lining fluid to
plasma concentration ratios for erythromycin.
Guzev (2021), proposed a mathematical model to describe drug
cytotoxicity of leukemic cells with melphalan, chloraambucil and cy-
tarabine. Their model consist of three compartment; amount of living
cell A , amount of dead cells Ad and concentration of cytotoxic ad-
minstered drug (C) .

dA

dt
= rA(1 − A

K
) − µAAAd − µACAC

a + C
(2.13)

dAd

dt
= µAAAd − dAd + µACAC

a + C
(2.14)

dC

dt
= −µCC − µCAAC

a + C
(2.15)

Their findings indicated that Cytarabine is the most effective drug
amongst those tested in killing A20 leukemic cells.
Fischer (2022), formulated a two compartment mathematical model
of intestinal epithelium population dynamics that incorporates a known
feedback inhibition of stem cells differentiation by differentiated cells.
Their model consists of two cell compartments S(t) and D(t), denoting
stem cells, and differentiated cells,respectively.

dS(t)
dt

= βS(t) − δ(D)S(t)
dD(t)

dt
= δ(D)S(t) − $D(t)

His findings indicated that feedback regulation stabilizes the number
of differentiated cells as these becomes invariant to changes in their
apoptosis rate.
Peletier (2017) explore the impact of saturable distribution over the
central and the peripheral compartment in pharmacokinetic models,
whilst assuming that back flow into the central compartiment is linear.
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dA1

dt
= q − kaA1 (2.16)

V2
dC2

dt
= kaA1 − k20A2 − HkpA2 + kP A3 (2.17)

V3
dC3

dt
= HkpA2 − kP A3 (2.18)

dA1

dt
= q − kaA1 (2.19)

dA2

dt
= kaA1 − k20A2 − Bmaxkp

A2

KM + A2
+ kpA3 (2.20)

dA3

dt
= Bmaxkp

A2

KM + A2
− kpA3 (2.21)

(2.22)

His findings pinpointed the relevance of considering saturable processes
and membrane transport in pharmacokinetic modeling to precisely
predict drug efficacy, toxicity, and optimal dosing strategies, particularly
in complex clinical situations.
Stein et al (2018), derived a simple expression for Ccrit for models
involving linear and nonlinear (saturable) clearance,such as michealis
Menten and target-mediated drug disposition (TMDD) models.

dC

dt
= −konC.R + koffCR − ke(C)C (2.23)

dR

dt
= ksyn − konC.R + koffCR − ke(R)R (2.24)

dR

dt
= konC.R − koffCR − ke(CR)CR (2.25)

Their findings indicated that when developing antagonists, it is of-
ten the goal to pick a dosing regimen where the drug concentration
stays above Ccrit.

Wagner et al. ( 1985) build a deterministic model consisting
of four peripheral compartment, gallbladder compartment, intestinal
compartment and liver compartment.Their aim was to investigate bile
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acid recycling. The formulated model is shown below:

dAp

dt
= −keAp − kbAp + krAg (2.26)

dAg

dt
= kbAp − krAg − kfAg (2.27)

dAi

dt
= kfAg − kaAi (2.28)

dAl

dt
= kaAi − kbAl (2.29)

Their findings indicated that enterohepatic circulation prolongs drug
half-life and increases bioavailability.
Yang et al. (2013), proposed a physiological base pharmacoki-
netic model with enterobacteria. Their model consist of two compart-
ment: conjugate drug amount and unconjugated drug amount. Their
model is as follows

dAc

dt
= kcAii − (kd + kabs)Acd (2.30)

dAu

dt
= kdAc (2.31)

Their findings showed that antibiotics reduce enterohepatic circulation
and lower plasma drug levels.
Müller et al.(2021), derived a deterministic model to study the
dynamics of nanoparticle-mediated enterohepatic circulation. Their
model is given below

dAt

dt
= krelAn − kclearAn (2.32)

kclear = kpere
−λt (2.33)

Their findings indicated that mucoadhesive nanoparticles delay gastroin-
testinal residence, enhancing reabsorption.

Mudra et al., (2011), formulated a non compartmental disease state
enterohepatic circulation model.The formulated model consist of serum
bile acid concentration (SRM) and Cholestasis sensitivity parameter
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(Υ). The model is as follows

kb = kb,normale
−ΥBSA (2.34)

Their findings showed that cholestasis reduces biliary secretion by seventy
to ninety percent.

Charman et al. (1996), formulated a deterministic model to
investigate the role of lymphatic absorption in EHC.

dAlymph

dt
ce = klymphSAClumen (2.35)

Their findings showed that lymphatic kinetics bypasses first-pass metabolism,
enhancing bioavailability.
Li et al., 2016 build a deterministic model linking cellular transporter
dynamics to whole-body pharmacokinetic. Their model comprises of
one compartment. Below is their model:

MRPS2(t) = MRP20 + A.cos(2π

24 (t − φ) (2.36)
dAb

dt
= ksec.MRPS2(t).Al (2.37)

Their findings indicated that MRP2 peak expression at night spurs
biliary excretion by thirty percent.

2.1 CORE INTEREST OF OUR STUDY

After critical review of relevant literature, it was observed that first order
kinetics (linear), though realistic for non enterohepatic drug lacks the
physiological merit as in the case of drug saturation and metabolism.
Also, the case of physiological factor (ageing, pathological defect) as it
relate to enterohepatic process is silent among pharmacokinetic researcher.
Hence, the core objective of this research is to formulate a delay non
linear differential equation that captures drug saturation and bile delay
effect. We employ relevant mathematical tools and methods to analyze
the models with the sole aim of understanding the dynamics of EHC
processes in the presence and absence of pathological defect.
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Chapter 3

FORMULATION OF EHC MODEL WITH
PATHOLOGICAL DEFECT AND NON -LINEAR

KINETICS

The proposed model consists of five physiological: Amount of drug in
central compartment (Ac), Amount of drug in hepatocyte compartment
(Ah), Amount of drug in kidney compartment (Ak), Amount of drug
in gastrointestinal compartment (Ag) , Amount of drug in gall bladder
compartment (Ag). And six non physiological compartment: Amount
of drug in fluid compartment of the brain (At1), Amount of drug in
tissue compartment of the brain (At1), Amount of drug in portal vein
(Apv), amount of drug in urine (Au), amount of drug saturated by
enzymes in the liver (Eh), amount of drug saturated by enzymes in
gastrointesinal tract (Eg).The drug ingested at rate D is absorbed into
the gastrointestinal mucosa at a rate FaDikae−kaθ1, which is sustained by
drug in the gallbladder and central compartment with drug transference
rate f(θ)λhb and λcg respectively. Drug is eliminated from the blood
stream at an hepatic uptake rate λgh. Further elimination occur at
a rate kg. The drug eliminated from the GI tract enters the central
compartment at rate ka. The metabolite formed as result of drug
saturated enzyme are transported by P-glycoprotein at a nonlinear
rate λhc, λhb to the central compartment and gallbladder respectively.
Bile salt, bilirubin, Cholesterol, metabolite are stored at rate φ in the
gallbladder. Drug is eliminated to the kidney(renal) and portal vein
from the central compartment at rate kr and kpv. respectively. The
enterocyte and hepatocye enzymes are saturated with drug at rate kcath

and kcatg respectively. The delay parameters τ1 and τ2 accounts for
prolong therapeutic effect and exposure of metabolite respectively.

dAc

dt
=kaAg (t − τ1) + λhc

m Ah − λch
m Ac − λcg

mAc.

− (kr + kpv)Ac − ktAc.
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dAh

dt
= λch

m Ac + λgh
m Ag − λhb

m Ah (t − τ2) − λhc
m Ah

− khAh − kcathfh
u Ah

km1
dAb

dt
= λhb

m Ah (t − τ2) − (λbg
m − φ)Ab

dAg

dt
= λcg

mAc − λgh
m Ag − Q̃fuAg − kaAg (t − τ1) − kgAg−

− kcatgf
g
uAg

km2
+ G(θ1) + λbg

mAb

dAt1

dt
= ktAc − kt1At1 + kt2At2

dAt2

dt
= kt1At1 − kt2At2 (3.1)

dApv

dt
= kpv(Ac − Apv) + Q̃fuAg

dAk

dt
= krAc − σ2Ak

dAu

dt
= σ2Ak − εAu

dEh

dt
= kcathfh

u Ah

km1
− kdeghEh

dEg

dt
= kcatgf

g
uAg

km2
− kdeggEg.

λch
m = V ch

m f ch
u

kch
m + Ac

, λbg
m = V bg

m f bg
u

kbg
m + Ab

f(θ), λhb
m = V hb

m fhb
u

khb
m + Ah

λhc
m = V hc

m fhc
u

khc
m + Ahc

, λgh
m = V gh

m fgh
u

kgh
m + Ag

, λcg
m = V cg

m f cg
u

kcg
m + Ac

flow of metabolite from liver to gallbladder (λhb
m ),drug transference from

gallbladder to gut (λbg
m),drug transference from central compartment

to gut and liver λcg
m and λch

m respectively,
flow of metabolite from liver to central compartment(λhc

m ),flow of metabo-
lite from gut to liver (λgh

m ).
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Figure 3.1: Schematic Representation of the Model

VARIABLES DESCRIPTION
Ac Amount of drug in central compartment
Ah Amount of drug in hepatocyte compartment
Ag Amount of drug in Gut Compartment
Ab Amount of drug in Gallbladder compartment
Eg Amount of drug saturated by Enzymes in Gut
Eh Amount of drug saturated in hepatocytes
Apv Amount of drug of drug in portal Vein
Ak Amount of drug in kidney
Au Amount of drug in urine
At1 Amount of drug in vascular space of tissue
At2 Amount of drug in interstitial space of tissue

Table 3.1: Description of State variables of EHC model
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Parameters Description
ka drug absorption from the gut to central compartment

kg,deg elimination by gut
kh,deg elimination by hepatocyte
kg,b binding rate and dissociation from gut
kh,b binding rate and dissociation from hepatocyte
φ Residual bile rate
a1 maximum transport rate

kmg Michealis constant of half vmaxg

kmh Michealis constant of half vmaxh

Qg membrane permeability of the drug
vmaxh velocity of drug elimination from the hepatocyte
vmaxg maximum velocity of drug elimination from the gut
fug fraction of unbound drug in gut
fuh fraction of unbound drug in hepatocyte
Fa fraction of dose absorbed from lumen

τ1, τ2 pathological defect parameters
f(θ) gallbladder emptying rate
G(θ1) force of oral administration

D drug dose
kt flow rate of drug from central to fluid compartment
kt1 rate of drug flow from fluid to tissue
kt2 rate of drug flow from tissue to fluid

Table 3.2: Description of Paramters of EHC Model

3.1 MODEL ANALYSIS

It is imperative to investigate the robustness of the model before sim-
ulation. This is attainable by carrying out some qualitative analysis
on system one as follows.

Lemma 3.1 : The close set

δ = {(Ac, Ah, Ab, Ag, At1, At2, Apv, Ak, Au, Eh, Eg) εR11
+ : Ac + Ah+

Ab + Ag + At1 + At2 + Apv + Ak + Au + Eh + Eg ≤ FaDkae−kaθ1

KT
}
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is positively invariant and attracting with respect to the model.

Proof .
Adding all the equations in the model gives

dAT

dt
= FaDkae−kaθ1 − ktAT (3.2)

Where AT = total amount of drug, kt=total elimination rate of drug

AT (t) = FaDkae−kat

kt
+ Ae−ktt (3.3)

Further simplification of (??) with initial condition AT (t0) = AT (0),im-
plies

AT (t) = FaDkae−kaθ1

kt
(1 − e−ktt) + At(0)e−ktt (3.4)

AT (t) ≤ FaDkae−kaθ1

kt
if At(0) ≤ FaDkae−kaθ1

kt
, thus δ is positively in-

variant. Further, if AT (t) > FaDkae−kaθ1

kt
,then either the solution enters

δ in a finite time or AT (t) approaches FaDkae−kaθ1

kt
and the variables

Ac, Ah, Ab, Ag, At1, At2, Apv, Ak, Au, Eh, Eg approaches zero. Hence, δ is
attracting that is all solution in R11

+ eventually enters δ. Thus, the
model is well posed mathematically. Hence, the model is sufficient
to study the pharmacokinetic of drug reabsorption with compartment
delay and nonlinear kinetics effect.

3.1.1 Existence and Stability Of Equilibria.

In view of model (??), the stability of trajectories is analyze on three
steady state. The drug free state(DFE), Toxic Equilibrium (TEE),
Drug Saturation Equilibrium(DSE) and Drug Reabsorption Free equi-
librium (DRFE).

3.1.1.1 Drug free equilibrium (DFE).

When the drug is administered orally, its residence rate at GIT tract is
FaDkae−kaθ1

KT
, as t → ∞,for kT > 0, the drug feasile out of the body, leaving

each compartment with no drug.Hence the steady state becomes
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πo = (Ac, Ah, Ab, Ag, At1, At2, Apv, Ak, Au, Eh, Eg) = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

The next generation matrix operator method proposed by Van den
Driessche and Watmough (2002) can be used to ascertain the linear
stability of system (??). The matrices V (for drug transference) and
F (drug toxicity)

V =



k1 0 0 −ka 0 0 0 0 0 0 0
0 k2 0 0 0 0 0 0 0 0 0
0 0 k3 0 0 0 0 0 0 0 0
0 0 0 k4 0 0 0 0 0 0 0

−kt 0 0 0 k5 0 0 0 0 0 0
0 0 0 0 0 k6 0 0 0 0 0

−kpv 0 0 −L1 0 0 k7 0 0 0 0
−kr 0 0 0 0 0 0 k8 0 0 0

0 0 0 0 0 0 0 −σ2 k9 0 0
0 −L2 0 0 0 0 0 0 0 k10 0
0 0 0 −L3 0 0 0 0 0 0 k11



;

F =



0 vhcfhc 0 0 0 0 0 0 0 0 0
0 0 0 vghfgh 0 0 0 0 0 0 0
0 vhbfhb 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0



;

χd = ρ(FV −1) = fhcfchvchvhck3k4 +
√

k3k4(H1 + H2)
k1k2k3k4
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Where k1 = kr + kpv + kt, k2 = kh + kcatfuh

kmh
, k3 = f(θ)vbg − φ,

k4 = ka + kg + kcatfug

kmg
,.

H1 = 4fbgfghfhbk
2
1k2f(θ)vbgvghvhb

H2 = 4fcgfghfhck1k2k3vcgvghvhc + f 2
hcf

2
chk3k4v

2
chv2

hc

ρ = Spectral radius.
Next,compute the determinant of the system at DFE,gives

k1k2k3k4k5k6k7k8k9k10k11(1 − χd) (3.5)
: The drug free equilibrium is locally and asymptotically stable if

χd and unstable if χd>1. The threshold χd is the drug reabsorption
number. It is the potential secondary toxicity in the systemic circulation
when a drug is administered orally or intravenously. The pharmacological
implication of ?? is that drug toxicity induced by drug saturation in the
absence of pathological defect can be effectively managed (or eliminated)
from the body (χd < 1) if the initial dose of drug of the model are
in the basin of attraction . Beyond the initial dose of the drug in the
compartmental model, drug toxicity can be effectively controlled.

Theorem 3.1 Drug free equilibrium (πo), of the model (??) is globally
asymptotically stable if χd < 1.

Proof
Consider the Lyapunov function

V (t) = Ac(t) + Q1Ah(t) + Q2Ab(t) + Q3Ag(t) (3.6)
where

Q1 = (lhc + lhb)k1

k2lch

Q2 = χdk1

lch
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Q3 = χdk1

lch

Next, differentiate (??) with respect to time(t),

dV (t)
dt

= dAc

dt
+ Q1

dAh

dt
+ Q2

dAb

dt
+ Q3

dAg

dt
dV (t)

dt
= kaAg + lhcAh − k1Ac + (lhc + lhb)k1

k2lch
(lchAc + lbgAg − k2Ah)

+ χdk1

lch
(lhbAh − k3Ab) + χdk1

lch
(lcgAc + k3Ab − k4Ag)

= kaAg − k4Ag
k1

lch
+ lhcAh + k1χdlhb

lch
Ah + k1

lch
lcgAc − k1Ac (3.7)

Simplifying (??),gives

dV (t)
dt

= (1− k4k1

kalch
χd)kaAg+(1+ k1lhb

lchlhc
χd)lhcAh+(k1lcg

k1lch
χd−1)k1Ac (3.8)

applying the ratio test condition,drug transference from central com-
partment to hepatocyte lch

k1
= 1,also from central compartment to gut

lcg

k1
= 1, lhb

lhc
= −1,since total efflux rate k2 is not defined. Substi-

tute into (11),gives

dV (t)
dt

≤ (χd − 1)kaAg + (χd − 1)lhcAh − (χd − 1)k1Ac

dV (t)
dt

≤ (χd − 1)[kaAg + lhcAh − k1Ac] (3.9)

by definition

˙Ac(t) = kaAg + lhcAh − k1Ac

substitute into (??),gives

dV (t)
dt

≤ (1 − χd) ˙Ac(t) (3.10)
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If χd ≤ 1, V (t) ≤ 0 , with V (t) = 0, iff Ag = Ah = Ac = Ab = 0.

One can deduce from the LaSalle’s Invariance Principle (Gumel, (2015)),
that every solution to the equations in (??) with initial conditions in
δ converge to πo as t → ∞.Hence (Ag, Ah, Ac, Ab) → (0, 0, 0, 0) .so that
the DFE, χd is GAS in δ if χd ≤ 1 as t → ∞.The pharmacological
implication is that χd ≤ 1, is a necessary and sufficient condition for
the elimination of drug or control of drug reabsorption.

3.1.2 Toxicity Equilibrium (TES)

At the drug toxicity state it is assumed that the force of circular influx
of EHC drug are of equal magnitude in EHC compartment, that is
λgh = λhb = λbg = λhc = λEHC . Hence system (??), re-cast into

dAc

dt
= kaAg + λEHCAh − k1Ac..

dAh

dt
= λCT Ac + λEHCAg − k2Ah

dAb

dt
= λEHCAh − k3Ab

dAg

dt
= λCT Ac + λEHCAb − k4Ag + G(θ1)

dAt1

dt
= ktAc − kt1At1 + lt2At2

dAt2

dt
= lt1At1 − kt2At2 (3.11)

dApv

dt
= kpv(Ac − Apv) + Q̃fuAg

dAk

dt
= krAc − σ2Ak

dAu

dt
= σ2Ak − εAu

dEh

dt
= kcathfh

u Ah

km1
− kdeghEh

dEg

dt
= kcatgf

g
uAg

km2
− kdeggEg.
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Solving system (??),setting the derivatives to zero,gives

A∗∗
c = Fak2k3

(λ3
EHC − k2k3k4)(λEHCλCT − k1k2) − (k2k3λCT + λCT λ2

EHC)(kak2 + λ2
EHC)

A∗∗
h = λCT Fak3

(λ3
EHC − k2k3k4)(λEHCλCT − k1k2) − (k2k3λCT + λCT λ2

EHC)(kak2 + λ2
EHC)−

λEHCFak3(λEHCλCT − k1k2)
(λ3

EHC − k2k3k4)(λEHCλCT − k1k2) − (k2k3λCT + λCT λ2
EHC)(kak2 + λ2

EHC)

A∗∗
b = λEHCλCT Fa

(λ3
EHC − k2k3k4)(λEHCλCT − k1k2) − (k2k3λCT + λCT λ2

EHC)(kak2 + λ2
EHC)−

λ2
EHCFa(λEHCλCT − k1k2)

(λ3
EHC − k2k3k4)(λEHCλCT − k1k2) − (k2k3λCT + λCT λ2

EHC)(kak2 + λ2
EHC)

A∗∗
g = Fak2k3(λEHCλCT − k1k2)

(k2k3λCT + λCT λ2
EHC)(kak2 + λ2

EHC) − (λ3
EHC − k2k3k4)(λEHCλCT − k1k2)

A∗∗
u = Fak2k3kr

[(λ3
EHC − k2k3k4)(λEHCλCT − k1k2) − (k2k3λCT + λCT λ2

EHC)(kak2 + λ2
EHC)]k9

A∗∗
k = Fak2k3kr

[(λ3
EHC − k2k3k4)(λEHCλCT − k1k2) − (k2k3λCT + λCT λ2

EHC)(kak2 + λ2
EHC)]k8

E∗∗
h = kcatf

h
u

km1k10
[ λEHCFak3(λEHCλCT − k1k2)
(λ3

EHC − k2k3k4)(λEHCλCT − k1k2) − (k2k3λCT + λCT λ2
EHC)(kak2 + λ2

EHC)−

λEHCFak3(λEHCλCT − k1k2)
(λ3

EHC − k2k3k4)(λEHCλCT − k1k2) − (k2k3λCT + λCT λ2
EHC)(kak2 + λ2

EHC)]
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E∗∗
g = kcatf

g
u

km2k11
[ Fak2k3(λEHCλCT − k1k2)
(k2k3λCT + λCT λ2

EHC)(kak2 + λ2
EHC) − (λ3

EHC − k2k3k4)(λEHCλCT − k1k2)
]

A∗∗
pv = 1

k7
[ Fak2k3kpv

(λ3
EHC − k2k3k4)(λEHCλCT − k1k2) − (k2k3λCT + λCT λ2

EHC)(kak2 + λ2
EHC)+

QfuFak2k3(λEHCλCT − k1k2)
(k2k3λCT + λCT λ2

EHC)(kak2 + λ2
EHC) − (λ3

EHC − k2k3k4)(λEHCλCT − k1k2)
]

.
Next,we investigate the existence of Drug saturation equilibrium

point with respect to drug reabsorption incidence function ,using the
the ratio condition for toxicity,

Ac

A∗∗
c + A∗∗

h + A∗∗
b + A∗∗

g

= χd (3.12)

Simplifying (??),gives

λ2
EHC − λEHCk3 − k2k3 + (1 − χd)

k3

k1
= 0 (3.13)

λ3
EHC + λ2

EHCα1 − λEHCα2 + α3 = 0 (3.14)
Equation (??) and (??) defines the existence of drug saturation

equilibrium without and with hepatic uptake respectively.

3.1.3 Drug Reabsorption Free equilibrium point(DRFEP).

A∗∗
c = Fak2k3

(k2k3k4)(k1k2) − (k2k3λCT )(kak2)

A∗∗
h = λCT Fak3

(k2k3k4)(k1k2) − (k2k3λCT )(kak2)
A∗∗

b = 0

A∗∗
g = Fak2k3(k1k2)

(k2k3λCT )(kak2) − (k2k3k4)(k1k2)
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A∗∗
u = Fak2k3kr

[(k2k3k4)(k1k2) − (k2k3λCT )(kak2)]k9

A∗∗
k = Fak2k3kr

[(λ3
EHC − k2k3k4)(λEHCλCT − k1k2) − (k2k3λCT )(kak2)]k8

E∗∗
h = λCT Fak3

(k2k3k4)(k1k2) − (k2k3λCT )(kak2)

E∗∗
g = kcatf

g
u

km2k11
[ Fak2k3(k1k2)
(k2k3λCT )(kak2) − (k2k3k4)(k1k2)

]

A∗∗
pv = 1

k7
[ Fak2k3kpv

(k2k3k4)(k1k2) − (k2k3λCT )(kak2)

+ QfuFak2k3(k1k2)
(k2k3λCT )(kak2) − k2k3k4k1k2)

]

3.1.4 Existence Drug Saturation Equibrium point (DSEP)

At drug saturation equilibrium point the drug kinetics changes from
Michealis Menten function to zero order kinetics .Hence the model(??) be-
comes

dAc

dt
= kaAg + λEHC − k1Ac..

dAh

dt
= λCT + λEHC − k2Ah

dAb

dt
= λEHC − k3Ab

dAg

dt
= λCT + λEHC − k4Ag + G(θ1)

dAt1

dt
= ktAc − kt1At1 + lt2At2

dAt2

dt
= lt1At1 − kt2At2 (3.15)

Let πd = (A∗∗
c , A∗∗

h , A∗∗
b , A∗∗

g , A∗∗
t1 , A∗∗

t2 , A∗∗
pv, A∗∗

k , A∗∗
u , E∗∗

h , E∗∗
g ). Solving

(18) at steady state gives
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A∗∗
g = λCT + λEHC + G(D, θ1)

k4

A∗∗
b = λEHC

k3

A∗∗
c = ka(G(D, θ1) + λCT + λEHC)

k1k4
+ λEHC

k1

A∗∗
h = λCT + λEHC

k2

A∗∗
pv = kpv(ka(G(D, θ1) + λCT + λEHC)

k7k1k4
+ λEHC

k7k1
+ Qg

Qpv

(λCT + λEHC + G(D, θ1))
k4k7

A∗∗
k = kr

k8
[ka(G(D, θ1) + λCT + λEHC)

k1k4
+ λEHC

k1
]

A∗∗
u = σ2

k9
[ka(G(D, θ1) + λCT + λEHC)

k1k4
+ λEHC

k1
]

A∗∗
t1 = kt1

(kt1 − α)(ka(G(D, θ1) + λCT + λEHC)
k1k4

+ λEHC

k1
)

A∗∗
t2 = αkt1

(kt1 − α)(ka(G(D, θ1) + λCT + λEHC)
k1k4

+ λEHC

k1
)

E∗∗
g = kcatgfug

kmgkdegg
(λCT + λEHC + G(D, θ1)

k4
)

E∗∗
h = kcathfuh

kmhkdegh
(λCT + λEHC

k2
)

3.2 Local stability of toxic equilibrium point with-
out pathological parameters

Theorem 3.2 Consider the model (??) with τ1 = τ2 = 0. The unique
toxic equilibrium of the model (4), denoted by π̃d = πd , is LAS if
χ̃d = χd > 1.

proof:

Firstly we apply the theory of series on (1) at the vicinity y1 = Ac−A∗∗
c ,

y2 = Ah − A∗∗
h , y3 = Ab − A∗∗

b , y4 = Ag − A∗∗
g , y5 = At1 − A∗∗

t1 , y6 =
At2 − A∗∗

t2 , y7 = Apv − A∗∗
pv,
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y8 = Ak − A∗∗
k , y9 = Ac − A∗∗

c , y10 = Eg − E∗∗
g , y11 = Eh − E∗∗

h . Next,
we simplify (??) at the neighborhood:

dAc

dt
= kaAg (t − τ1) − A∗∗

g + V hc
m fhc

u [ A∗∗
h

khc
m + fhc

u A∗∗
h

+ khc
m (Ah − A∗∗

h )
(khc

m + fhc
u A∗∗

h )2

− khc
m (Ah − A∗∗

h )2

(khc
m + fhc

u A∗∗
h )3 ] − .

V ch
m f ch

u [ A∗∗
c

kch
m + f ch

u A∗∗
c

+ khc
m (Ac − A∗∗

c )
(kch

m + f ch
u A∗∗

c )2 − khc
m (Ac − A∗∗

c )2

(kch
m + f ch

u A∗∗
c )3 ]−

− V cg
m f cg

u [ A∗∗
c

kcg
m + f cg

u A∗∗
c

+ kcg
m (Ac − A∗∗

c )
(kcg

m + f cg
u A∗∗

c )2 − kcg
m (Ac − A∗∗

c )2

(kcg
m + f cg

u A∗∗
c )3 ]

− (kr + kpv) + kt)(Ac − A∗∗
c )

dAh

dt
= V ch

m f ch
u [ A∗∗

c

kch
m + f ch

u A∗∗
c

+ khc
m (Ac − A∗∗

c )
(kch

m + f ch
u A∗∗

c )2 − khc
m (Ac − A∗∗

c )2

(kch
m + f ch

u A∗∗
c )3 ] + ...

V gh
m f gh

u [
A∗∗

g

kgh
m + f gh

u A∗∗
g

+
kgh

m (Ag − A∗∗
g )(

kgh
m + f gh

u A∗∗
g

)2 −
khc

m

(
Ag − A∗∗

g

)2

(
kgh

m + f gh
u A∗∗

g

)3 ]

−V hc
m fhc

u [ A∗∗
h

khc
m + fhc

u A∗∗
h

+ khc
m (Ah − A∗∗

h )
(khc

m + fhc
u A∗∗

h )2 − khc
m (Ah − A∗∗

h )2

(khc
m + fhc

u A∗∗
h )3 ]− (3.16)

V hb
m fhb

u [ A∗∗
h

khb
m + fhb

u A∗∗
h

+ khb
m (Ah (t − τ2) − A∗∗

h )
(khb

m + fhb
u A∗∗

h )2 − khb
m (Ah (t − τ2) − A∗∗

h )2

(khb
m + fhb

u A∗∗
h )3 ]

− (kh + kcathfh
u

km1
)(Ah − A∗∗

h )

dAb

dt
= V hb

m fhb
u [ A∗∗

h

khb
m + fhb

u A∗∗
h

+ khb
m (Ah (t − τ2) − A∗∗

h )
(khb

m + fhb
u A∗∗

h )2 − khb
m (Ah (t − τ2) − A∗∗

h )2

(khb
m + fhb

u A∗∗
h )3 ]

− ( V bg
m f bg

u Ab

kbg
m + f bg

u Ab

f(t) − φ) ∗ Ab
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− V bg
m f bg

u ( A∗∗
b

kbg
m + f bg

u A∗∗
b

+ kbg
m(Ab − A∗∗

b )(
kbg

m + f bg
u A∗∗

b

)2 − kbg
m (Ab − A∗∗

b )2(
kbg

m + f bg
u A∗∗

b

)3 )f(t) + φ(Ab − A∗∗
b )

dAg

dt
= −V cg

m f cg
u [ A∗∗

c

kcg
m + f cg

u A∗∗
c

+ kcg
m (Ac − A∗∗

c )
(kcg

m + f cg
u A∗∗

c )2 − kcg
m (Ac − A∗∗

c )2

(kcg
m + f cg

u A∗∗
c )3 ]−

V gh
m f gh

u [
A∗∗

g

kgh
m + f gh

u A∗∗
g

+
kgh

m (Ag − A∗∗
g )(

kgh
m + f gh

u A∗∗
g

)2 −
khc

m

(
Ag − A∗∗

g

)2

(
kgh

m + f gh
u A∗∗

g

)3 ] − (kaAg (t − τ1) − A∗∗
g )−

(kg + kcatgf
g
u

km2
+ Q̃fu)(Ag − A∗∗

g ) + FaDikae−kat+

V bg
m f bg

u ( A∗∗
b

kbg
m + f bg

u A∗∗
b

+ kbg
m(Ab − A∗∗

b )(
kbg

m + f bg
u A∗∗

b

)2 − kbg
m (Ab − A∗∗

b )2(
kbg

m + f bg
u A∗∗

b

)3 )f(t)

dAt1

dt
= kt(Ac − At1) − a1(

A∗∗
t1

b1 + A∗∗
t1

+ b1(At1 − A∗∗
t1 )

(b1 + A∗∗
t1 )2 + b1 (At1 − A∗∗

t1 )2(
kbg

m + f bg
u A∗∗

b

)3 )+

+ a1(
A∗∗

t2
b1 + A∗∗

t2
+ Rb1(At2 − A∗∗

t2 )
(b1 + A∗∗

t2 )2 + Rb1 (At2 − A∗∗
t2 )2

(Rb1 − A∗∗
t2 )3 )

dAt2

dt
= a1(

A∗∗
t1

b1 + A∗∗
t1

+ b1(At1 − A∗∗
t1 )

(b1 + A∗∗
t1 )2 + b1 (At1 − A∗∗

t1 )2(
kbg

m + f bg
u A∗∗

b

)3 )−

a1(
A∗∗

t2
b1 + A∗∗

t2
+ Rb1(At2 − A∗∗

t2 )
(b1 + A∗∗

t2 )2 + Rb1 (At2 − A∗∗
t2 )2

(Rb1 − A∗∗
t2 )3

dApv

dt
= kpv(Ac − A∗∗

c ) − kpv(Apv − A∗∗
pv) + Q̃fu(Ag − A∗∗

g )

dAk

dt
= kr(Ac − A∗∗

c ) − σ2Ak

dAu

dt
= σ2Ak − εAu

dEh

dt
= kcathfh

u (Ah − A∗∗
h )

km1
− kdegh(Eh − E∗∗

h )

dEg

dt
=

kcatgf
g
u(Ag − A∗∗

g )
km2

− kdegg(Eg − E∗∗
g )
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dy1

dt
= kay4 + V hc

m fhc
u [ A∗∗

h

khc
m + fhc

u A∗∗
h

+ khc
m (y2)

(khc
m + fhc

u A∗∗
h )2 ]

−V ch
m f ch

u [ A∗∗
c

kch
m + f ch

u A∗∗
c

+ khc
m (y1)

(kch
m + f ch

u A∗∗
c )2 ] − .

−V cg
m f cg

u [ A∗∗
c

kcg
m + f cg

u A∗∗
c

+ kcg
m (y1)

(kcg
m + f cg

u A∗∗
c )2 ] − (kr + kpv + kt)(y1)

dy2

dt
= V ch

m f ch
u [ A∗∗

c

kch
m + f ch

u A∗∗
c

+ khc
m (y1)

(kch
m + f ch

u A∗∗
c )2 ]

+V gh
m f gh

u [
A∗∗

g

kgh
m + f gh

u A∗∗
g

+ kgh
m (y4)(

kgh
m + f gh

u A∗∗
g

)2 ] − ...

−V hc
m fhc

u [ A∗∗
h

khc
m + fhc

u A∗∗
h

+ khc
m (y2)

(khc
m + fhc

u A∗∗
h )2 ] (3.17)

−V hb
m fhb

u [ A∗∗
h

khb
m + fhb

u A∗∗
h

+ khb
m (y2)

(khb
m + fhb

u A∗∗
h )2 ]

−(kh + kcathfh
u

km1
)(y2)

dy3

dt
= V hb

m fhb
u [ A∗∗

h

khb
m + fhb

u A∗∗
h

+ khb
m (y2)

(khb
m + fhb

u A∗∗
h )2 ] − ...

−V bg
m f bg

u ( A∗∗
b

kbg
m + f bg

u A∗∗
b

+ kbg
m(y3)(

kbg
m + f bg

u A∗∗
b

)2 )f(t) + φ(y3)

dy4

dt
= −V cg

m f cg
u [ A∗∗

c

kcg
m + f cg

u A∗∗
c

+ kcg
m (y1)

(kcg
m + f cg

u A∗∗
c )2 ] − V gh

m f gh
u [

A∗∗
g

kgh
m + f gh

u A∗∗
g

+ kgh
m (y4)(

kgh
m + f gh

u A∗∗
g

)2 ] − (kay4) − (kg + kcatgf
g
u

km2
+ Q̃fu)(y4)
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FaDikae−kat + V bg
m f bg

u ( A∗∗
b

kbg
m + f bg

u A∗∗
b

+ kbg
m(y3)(

kbg
m + f bg

u A∗∗
b

)2 )f(t)

dy5

dt
= kt(y1 − y5) − a1(

A∗∗
t1

b1 + A∗∗
t1

+ b1(y5)
(b1 + A∗∗

t1 )2 )+

+a1(
A∗∗

t2
b1 + A∗∗

t2
+ Rb1(y6)

(b1 + A∗∗
t2 )2 )

dy6

dt
= a1(

A∗∗
t1

b1 + A∗∗
t1

+ b1(y5)
(b1 + A∗∗

t1 )2 ) − a1(
A∗∗

t2
b1 + A∗∗

t2
+ Rb1(y6)

(b1 + A∗∗
t2 )2 )

dy7

dt
= kpv(y1) − kpv(y7) + Q̃fu(y4)

dy8

dt
= kr(y1) − σ2y8

dy9

dt
= σ2y8 − εy9

dy10

dt
= kcathfh

u (y2)
km1

− kdegh(y10)

dy11

dt
= kcatgf

g
u(y4)

km2
− kdegg(y11)

Compute the Jacobian matrix at π̃d

Jn(πd) =



−L1 Lhc 0 ka 0 0 0 0 0 0 0
Lch −L2 0 Lgh 0 0 0 0 0 0 0
0 Lhb −L3 0 0 0 0 0 0 0 0

Lcg 0 φ −L4 0 0 0 0 0 0 0
kt1 0 0 0 −L5 L6 0 0 0 0 0
0 0 0 0 L5 −L6 0 0 0 0 0

kpv 0 0 Qfug 0 0 −L7 0 0 0 0
kr 0 0 0 0 0 0 −L8 0 0 0
0 0 0 0 0 0 0 σ2 −L9 0 0
0 kcatfuh

km1 0 0 0 0 0 0 0 −L10 0
0 0 0 kcatfug

km2 0 0 0 0 0 0 −L11



;
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Next,we establish theorem 3.2, using the Krosnoselskii sub-linearity
trick ( Oyovwevvotu, 2021). System (??) has solution of the form

Z(t) = Z0e
wt (3.18)

with Z0 = (Z1, Z2, Z3, Z4, Z5, Z6, Z7, Z8, Z9, Z10, Z11) and w, Zi ∈ C(i=1,2,...11).
Substitue (??) into (??),

wZ1 = LhcZ2 + kaZ4 − α1Z1

wZ2 = LchZ1 + LghZ4 − α2Z2

wZ3 = LhbZ2 − α3Z3

wZ4 = LcgZ1 + LbgZ3 − α4Z4

wZ5 = kt1Z1 + L6Z6 − α5Z5

wZ6 = L5Z5 − α5Z6

wZ7 = kpvZ1 + QfugZ4 − α7Z7 (3.19)

wZ8 = krZ1 − α8Z8

wZ9 = σ2Z8 − α9Z9

wZ10 = kctfuh

km1 Z2 − α10Z10

wZ11 = kctfuh

km2 Z4 − α11Z11

The system (??) is simplified by first of all moving the negative terms in
the last equation (??) to their respective right hand sides. The resulting
equation are then rewritten in terms of Zi, and all other negative terms
are moved to the right hand side. These simplification gives

[F1(w) + 1] Z1 = (MZ)1

[F2(w) + 1] Z2 = (MZ)2

[F3(w) + 1] Z3 = (MZ)3
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[F4(w) + 1] Z4 = (MZ)4

[F5(w) + 1] Z5 = (MZ)5 (3.20)

[F6(w) + 1] Z6 = (MZ)6

[F7(w) + 1] Z7 = (MZ)7

[F8(w) + 1] Z8 = (MZ)9

[F9(w) + 1] Z9 = (MZ)9

[F10(w) + 1] Z10 = (MZ)10

[F11(w) + 1] Z11 = (MZ)11

where,

F1(w) = w

α1
, F2(w) = w

α2
, F3(w) = w

α3
, F4(w) = w

α4
, F5(w) = w

α5
, F6(w) = w

α6
, F7(w) = w

α7

F8(w) = w

α8
, F9(w) = w

α9
, F10(w) = w

α10
, F11(w) = w

α11

with
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M =



0 Lhc

α1
0 ka

α1
0 0 0 0 0 0 0

Lch

α2
0 0 Lgh

α2
0 0 0 0 0 0 0

0 Lhb

α3
0 0 0 0 0 0 0 0 0

Lcg

α4
0 Lbg

α4
0 0 0 0 0 0 0 0

kt1
α5

0 0 0 0 L6
α5

0 0 0 0 0
0 0 0 0 L5

α6
0 0 0 0 0 0

kpv

α7
0 0 Qfug

α7
0 0 0 0 0 0 0

kr

α8
0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 σ2
α9

0 0 0
0 kcathfuh

α10km1
0 0 0 0 0 0 0 0 0

0 0 0 kcatgfug

α11km2
0 0 0 0 0 0 0


The toxic equilibrium point πd = (A∗∗

c , A∗∗
h , A∗∗

b , A∗∗
g , A∗∗

t1 , A∗∗
t2 ,

A∗∗
pv, A∗∗

k , A∗∗
u , E∗∗

h , E∗∗
g ),satisfy πd = Mπd, and the matrix of M , has

non-negative entries, .If Z is a solution of (??), then it is possible to
find a minimal positive real number, r, such that

/Z/ ≤ rπ̃d (3.21)
The main goal is to show that Re(w) < 0. Assume, by contradiction,

that Re(w) ≥ 0. There are two cases to consider as below.

Case 1 w = 0

The determinant of the system Ω = (χ̃d−1)α1α2α3, α4, α7, α8, α9, α10α11(Lt1α5+
α5α6). The determinant is negative whenever χ̃d < 1,since the determi-
nant is negative, it follows that the system has a unique solution given
by Z = 0,which correspond to toxic free equilibrium.

Case 2 w 6= 0

Since Re(w) > 0,then /1 + Fi(w)/ > 1 i = 1, 2...11. Define F (w) =
min/1 + Fi(w)/,then F (w) > 1 and r > r

F (w)

by definition r is the minimum number such that //Z// ≤ rπ̃d, then

//Z// >
π̃dr

F (w) (3.22)
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Taking the norm of (25)

F (w) ‖Z2‖ ≤ |1 + F2(w)| ‖Z2‖

‖(MZ)2‖ ≤ M ‖Z2‖ ≤ rM(π̃d)2

= r
(
π̃d

)
2

= rA∗∗
h (3.23)

It follows from (26) that ‖Z2‖ ≤ r
F (w)A

∗∗
h ,which contradict (??),

Re(w) < 0. Thus, all eigenvalues of the characteristic equation associated
with the linearized system (??) will have negative real part, so that toxic
equilibrium, π̃d is locally asymptotically stable whenever χ̃d > 1. The
pharmacological implication of Theorem 3.2 is that drug toxicity will
persist in the compartment thus enhancing drug reabsorbtion .

3.2.1 Centre Manifold Theorem Depending on Parameters

Theorem 3.3 Consider the compact system of n × n nonlinear defined
below

ẋ = Ax + f(x, y, µ)

ẏ = By + g(x, y, µ) (3.24)
Where;

(x, y, µ) ∈ Rc × Rs × Rp.
A = c × c matrix of real numbers with zero eigenvalue
B = s × s matrix of real numbers having negative real part and f and

g are nonlinear function with atleast second order terms, satisfying the
following properties

f(0, 0, 0) = 0 Df(0, 0, 0) = 0
g(0, 0, 0) = 0 Dg(0, 0, 0) = 0

We can approximate the centre manifold of (??), using the first tangency
condition as follows

y = h(x, µ)
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0 = Dxh(x, µ)ẋ − ẏ (3.25)
Substitue (??) into (??),

0 = Dxh(x, µ)[Ax+f(x, h(x, µ), µ)]−Bh(x, µ)−g(x, h(x, µ), µ) (3.26)

Equation (??) defines the coefficient of the centre manifold .The
dynamics of the centre manifold is given by

u̇ = Au + f(x, h(u, µ), µ) u ∈ Rc (3.27)

µ̇ = 0

Theorem 3.4 There exist a centre manifold of (x, y) = (0, 0) for (28),whose
dynamics is restricted to u̇ = Au + f(x, h(u, µ), µ) u ∈ Rc .

Theorem 3.5 Suppose that the zero solution of (??) is stable(asymp-
totically stable) or unstable ,then the zero solution of (??) is also
stable(asymptotically stable) or unstable.(ii)Suppose that the zero so-
lution of (24) is stable . Then if (x(t), y(t)) is a solution of (??) with
(x(0), y(0)),then there is a solution u(t) of (??) such that t → ∞

x(t) = u(t) + O(e−λt)

y(t) = h(u(t)) + O(e−λt) λ > 0
is a constant.

apply Theorem 3.3 and Theorem 3.4 to the model as follows
firstly,consider the linearized matrix of the model about the toxic free

equilibrium π0 = (A∗∗
c , A∗∗

h , A∗∗
b , A∗∗

g , A∗∗
t1 , A∗∗

t2 , A∗∗
pv, A∗∗

k , A∗∗
u , E∗∗

h , E∗∗
g ) →

(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)
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

ẏ1
ẏ2
ẏ3
ẏ4
ẏ5
ẏ6
ẏ7
ẏ8
ẏ9
˙y10
˙y11



=



−k1 0 0 ka 0 0 0 0 0 0 0
0 −k2 0 0 0 0 0 0 0 0 0
0 0 −k3 0 0 0 0 0 0 0 0
0 0 0 −k4 0 0 0 0 0 0 0
kt 0 0 0 −k5 0 0 0 0 0 0
0 0 0 0 Lt1 −k6 0 0 0 0 0

kpv 0 0 L1 0 0 −k7 0 0 0 0
kr 0 0 0 0 0 0 −k8 0 0 0
0 0 0 0 0 0 0 σ2 −k9 0 0
0 L2 0 0 0 0 0 0 0 −k10 0
0 0 0 L3 0 0 0 0 0 0 −k11





y1
y2
y3
y4
y5
y6
y7
y8
y9
y10
y11


It is seen that the linearized system is not in its compact form (??).

Hence we generate a transition matrix ,for the standard normal form
of the linearized system as follows. Firstly,

eigen value of the the linearized matrix gives

0, −k1, −k10, −k11, −k2, −k3, −k4, −(k5 + k6), −k7, −k8, −k9

suggesting that ,our system consist of one centre manifold (W c(0)) and
ten stable manifold (W s

10).
Next,we compute the transition matrix

T =



0 g1 0 0 0 g2 g3 0 0 0 0
0 0 0 0 g4 0 0 0 0 0 0
0 0 0 0 0 g5 0 0 0 0 0
0 0 0 0 0 g6 g7 0 0 0 0
g8 −g9 0 0 0 g10 g11 0 0 0 0
1 g12 0 0 0 g13 g14 1 0 0 0
0 g15 0 0 0 g16 g17 0 1 0 0
0 g18 0 0 0 g19 g20 0 0 g21 0
0 1 0 0 0 g22 g23 0 0 0 0
0 0 1 0 1 0 0 0 0 0 0
0 0 0 1 0 1 1 0 0 0 0



;

g1 = (k1−k8)(k1−k9)
krk8

,
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g3 = kak11−kak4
L3(k1−k4) ,

g6 = k11−k3
L3

,
g8 = k6

k5
,

g9 = (k1−k6)(k1−k9)(kt1k1−kt1k8)
krk1k8(k1−k5−k6)k8

,
g12 = (k1−k9)(kt1k1k5−kt1k5k8)(k1−k9)

k1kr(k1−k5−k6)k8

g2 = kak11−kak3
L3(k1−k3) ,

g4 = k10−k2
L2

, g5 = (k3−k11)(k3−k4)
L3k3

,
g7 = k11−k4

L3
,

g10 = kt1(−kak11+kak3)(k3−k6)
L3(k1−k3)(k3−k5−k6)k3

,
g11 = kt1(−kak11+kak4)(k4−k6)

L3(k1−k3)(k3−k5−k6)k3

g13 = kt1(kak11−kak3)k5
L3(k1−k3)(k3−k5−k6)k3

,
g14 = kt1(kak11−kak4)k5

L3(k1−k4)(k4−k5−k6)k4
,

g15 = kpv(k1−k8)
kr(k1−k7)kr

, g16 = kakpvk11+L1k1k11+kakpvkr+L1k11k3−L1k3k3
L3(k3−k1)(k3−k7)

g17 = kakpvk11+L1k1k11−kakpvk4−L1k1k4−L1k11k4+L1k4k4
L3(k3−k1)(k3−k7) ,

g18 = k9−k1
k8

, g19 = kakrk3+kakrk11
L3(k3−k1)(k3−k8) ,

g20 = kakrk4−kakrk11
L3(k3−k1)(k4−k8)

,g22 = kakrk11k8−kakrk4k8
L3(k1−k4)(k4−k8)(k4−k9) ,

g23 = kakrk11k8−kakrk4k8
L3(k1−k4)(k4−k8)(k4−k9) ,

g21 = k9−k8
k8 

y1
y2
y3
y4
y5
y6
y7
y8
y9
y10
y11



= T



u1
u2
u3
u4
u5
u6
u7
u8
u9
u10
u11



→



u1
u2
u3
u4
u5
u6
u7
u8
u9
u10
u11



= T −1



y1
y2
y3
y4
y5
y6
y7
y8
y9
y10
y11



=
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

g9−g12
g1+g1g8

0 z6 z8
1

1+g8

1
1+g8

0 0 0 0 0
1
g1 0 g3g6−g2g7

g1g5g7

−g3
g1g7

0 0 0 0 0 0 0
0 −1

g4 0 0 0 0 0 0 0 1 0
0 0 g6−g7

g5g7

−1
g7

0 0 0 0 0 0 1
0 1

g4
0 0 0 0 0 0 0 0 0

0 0 1
g5 0 0 0 0 0 0 0 0

0 0 −g6
g5g7

1
g7

0 0 0 0 0 0 0
g9−g12g8
g1+g1g8

0 z1 z4
−1

1+g18

g8
1+g8

0 0 0 0 0
−g15

g1 0 z3
g15g3−g1g17

g1g7
0 0 1 0 0 0 01

g18
g1g21

0 z5
g18g3−g11g20

g1g21g7
0 0 0 1

g21
0 0 0

g18
g1 0 z2 z7 0 0 0 −1

g21
0 0 0




u̇1
u̇2
u̇3
u̇4
u̇5
u̇6
u̇7
u̇8
u̇9
˙u10
˙u11



= T −1AT



u1
u2
u3
u4
u5
u6
u7
u8
u9
u10
u11



+ T −1



c1
c2
0
c3
c4
c5
0
0
0
0
0




u̇1
u̇2
u̇3
u̇4
u̇5
u̇6
u̇7
u̇8
u̇9
˙u10
˙u11



=



0 0 0 0 0 0 0 0 0 0 0
0 −k1 0 0 0 0 0 0 0 0 0
0 0 −k10 0 0 0 0 0 0 0 0
0 0 0 −k11 0 0 0 0 0 0 0
0 0 0 0 −k2 0 0 0 0 0 0
0 0 0 0 0 −k3 0 0 0 0 0
0 0 0 0 0 0 −k4 0 0 0 0
0 0 0 0 0 0 0 −(k5 + k6) 0 0 0
0 0 0 0 0 0 0 0 −k7 0 0
0 0 0 0 0 0 0 0 0 −k8 0
0 h1 0 0 0 h3 0 0 0 h2 −k9



+



w1
w2
w3
w4
w5
w6
w7
w8
w9
w10
w11


(3.28)

z1 = g1(−g6g11 + g10g7 + g14g6g8 − g13g7g8) − (g3g6 − g2g7)g7 − (g3g6 − g2g7)(g12g8 + g9)
g1g5g7(1 + g8)

46



z2 = (g18 − g21)(g3g6 − g2g7) + g1(−g20g6 + g21g23g6 + g19g7 − g21g22g7)
g1g21g5g7

z3 = g1g17g6 − g15g3g6 − g1g16g7 + g15g2g7

g1g5g7

z4 = g1g11 − g1g14g8 + g12g3g8 + g3g9

g1g7 + g1g7g8

h1 = (k2 − k8)(k1 − k9)
k8

h2 = (−k2 + k8)(k8 − k9)
k8

h3 = kakr(k3 − k4)(k2 − k8)
L3(k1 − k4)(k1 − k8)

z5 = g1g20g6 − g18g3g6 − g1g19g7 + g18g2g7

g1g5g7

z6 = g1(g11 + g14)g6 − g1(g10 + g13)g7 − (g3g6 − g2g7)(g12 − g9)
g1g5g7(1 + g8)

z7 = g1g20 − g1g21g23 − g18g3 + g21g3

g1g21g7

z8 = g3g9 − g12g3 − g1g11 + g1g4

g1g7 + g1g7g8
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c1 = (g2
1u2

2 − 2g1g3u2u7 + g2
3u2

7)(lch + lcg)

c2 = −lch(g2
1u2

2 − 2g1g3u2u7 + g2
3u2

7) + lghg2
7u2

7

c3 = −lcg(g2
1u2

2 − 2g1g3u2u7 + g2
3u2

7) − lghg2
7u2

7

c4 = lt1(g2
8u2

2−2g8g9u2u1+g2
9u2

2+2g8g11u7u1+g2
11u2

7)−lt2(u2
1+2g12u1u2+g2

14u2
7−2g14u1u7+g13u14u7)

c5 = lt2(u2
1+2g12u1u2+g2

14u2
7−2g14u1u7+g13u14u7)−lt1(g2

8u2
2−2g8g9u2u1+g2

9u2
2+2g8g11u7u1+g2

11u2
7)

w1 = kt1(−ka(Lcg(g2
1u2

2 + u7(2g1g3u2 + (g2
3 + g2

7Lgh)u7) + (Lcg + Lch)(g1u2 − g3u7)2k5
k1k4(k5 + k6)

w2 > 0, w3 > 0,

w4 > 0, w5 > 0, w6 > 0, /]w7 > 0, w8 > 0, w9 > 0, w10 > 0, w11 > 0.

system (??) is the normal form known as the block form.Next,we compute the
centre manifold as follows

let X̄ = (u),Ȳ = (u2, u3, u4, u5, u6, u7, u8, u9, u10, u11)

Ȳ = h(X̄) = hi(u, k3)∀i = 2, 3...11.

h1(u, k3) = ρ1u
2
1 + ρ2u1k3 + ρ3k

2
1

h2(u, k3) = δ1u
2
1 + δ2u1k3 + δ3k

2
1

48



h3(u, k3) = ϑ1u
2
1 + ϑ2u1k3 + ϑ3k

2
1

h4(u, k3) = %1u
2
1 + %2u1k3 + %3k

2
1 (3.29)

h5(u, k3) = ζ1u
2
1 + ζ2u1k3 + ζ3k

2
1

h6(u, k3) = σ1u
2
1 + σ2u1k3 + σ3k

2
1

h7(u, k3) = ϕ1u
2
1 + ϕ2u1k3 + ϕ3k

2
1

h8(u, k3) = ς1u
2
1 + ς2u1k3 + ς3k

2
1

h9(u, k3) = Ω1u
2
1 + Ω2u1k3 + Ω3k

2
1

h10(u, k3) = d1u
2
1 + d2u1k3 + d3k

2
1

applying the first tangency condition

∂hi

∂u1
u̇1 − ˙ui+1=̇ 0 (3.30)

applying (??) on (??) , we obtain the coefficient below

ρ1 = lch

k2 + lhb + lhc − 2k1
, ρ2 = 0, ρ3 = 0.δ1 = − lhblch

k2 + lhb + lhc + lch − 2k1
, δ2 = 0, δ3 = 0.

ϑ1 = − lcg

2k1
, ϑ2 = 0, ϑ3 = 0.%1 = 0, %1 = 0, %1 = 0

σ1 = −Qfulcg

2k1(kpv − 2k1) , σ2 = 0, σ3 = 0.ϕ1 = 0, ϕ2 = 0, ϕ3 = 0.ς1 = 0, ς2 = 0, ς3 = 0.

Ω1 = kcatf
h
u lch

km2(k2 + lhb + lhc + lch − 2k1) , Ω2 = 0, Ω3 = 0.d1 = 0, d2 = 0, d3 = 0.ζ1 = 0, ζ2 = 0, ζ3 = 0

.
Next,we invoke the second tangency condition (??),to establish the dynamics

of centre manifold .
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u̇ = Au + f(x, hi(u, µ), µ) (3.31)

With much rigorous exercise we obtained the dynamics as

u̇ = (1 − χd)λ0 − λ1u1 + λ2u
2
1

3.2.2 Hoph Bifurcation Analysis

In this section, we investigate the stability of the system in the presence of pathological
defect. This is attainable using the Hoph Bifurcation analysis. Hoph Bifurcation occurs
when the eigen values of the system are conjugate pair of purely immaginary roots and
the conjugate pair must cross the immaginary axis with nonzero speed (transversality
condition). Firstly, we transform the model (3.1) in its compact form:

dY (t)
dt

= F (D, t) + JnY (t) + Jd1Y (t − τ1) + Jd2Y (t − τ2) (3.32)

where

Jn =



−k1 0 0 0 0 0 0 0 0 0 0
0 −k2 0 0 0 0 0 0 0 0 0
0 0 −k3 0 0 0 0 0 0 0 0
0 0 0 −k4 0 0 0 0 0 0 0
kt 0 0 0 −k5 0 0 0 0 0 0
0 0 0 0 Lt1 −k6 0 0 0 0 0

kpv 0 0 L1 0 0 −k7 0 0 0 0
kr 0 0 0 0 0 0 −k8 0 0 0
0 0 0 0 0 0 0 σ2 −k9 0 0
0 L2 0 0 0 0 0 0 0 −k10 0
0 0 0 L3 0 0 0 0 0 0 −k11



Jd2 =



0 0 0 ka 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 −ka 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0



e−λτ1
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Jd2 =



0 0 0 0 0 0 0 0 0 0 0
0 −Lhb 0 0 0 0 0 0 0 0 0
0 Lhb 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0



e−λτ2

F (D, t) =



0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 FaDkae−kat 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0



d
dt



y1
y2
y3
y4
y5
y6
y7
y8
y9
y10
y11



= j∗
n



y1
y2
y3
y4
y5
y6
y7
y8
y9
y10
y11



+j∗
d1



y1(t − τ1)
y2(t − τ1)
y3(t − τ1)
y4(t − τ1)
y5(t − τ1)
y6(t − τ1)
y7(t − τ1)
y8(t − τ1)
y9(t − τ1)
y10(t − τ1)
y11(t − τ1)



+j∗
d2



y1(t − τ2)
y2(t − τ2)
y3(t − τ2)
y4(t − τ2)
y5(t − τ2)
y6(t − τ2)
y7(t − τ2)
y8(t − τ2)
y9(t − τ2)
y10(t − τ2)
y11(t − τ2)


Since the trajectory of (??) is satisfied by decay solution y(t) = e−St. Equation (??),

gives

SI − F (D, t)e−St − Jn − e−Sτ1Jd1 − e−Sτ2Jd2 = 0

The characteristics polynomial gives

F (S) = P1(S, βi)[P2(S, αi)+
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e−Sτ2P3(S, vi) + e−Sτ1P4(S, ηi) + e−S(τ1+τ2)P5(S, mi)] (3.33)

Where

P1(S, βi) = S7 + β6S
6 + β5S

5 + β4S
4 + β3S

3+

β2S
2 + β1S

P2(S, αi) = S4 + α3S
3 + α2S

2 + α2S + α0

P3(S, vi) = v3S
3 + v2S

2 + v1S + v0

P4(S, ηi) = η3S
3 + η2S

2 + η2S + η0

P5(S, mi) = m2S
2 + m1S + m0

β6 = k10 + k11 + k5 + k6 + k7 + k8

β5 = k10k11 + k11k5 + k5k11 + k6k10 + k11k6 + k7k10

k5k7 + k5k8 + k11k8 + k10k8 + k6k7 + k11k7+

+k6k8 + k8k7 + k11k9 + k10k9 + k6k9 + k9k7.

β4 = k10k11k5 + k10k11k6 + k10k11k7 + k10k8k5+

k10k11k8 + +k5k7k9 + k11k6k7 + k10k6k8 + k6k11k8

+k10k6k7 + k11k5k7 + k10k7k5 + k11k5k8 + k5k8k9

+k10k7k8 + k11k7k8 + k5k7k8 + k10k5k9 + k10k11k9

+k6k7k8 + k11k9k5 + k10k6k9 + k11k6k9 + k10k7k9

+k11k8k9 + k10k8k9 + k6k7k9 + k6k8k9 + k7k8k9

β3 = k10k11k5k7 + k10k11k6k7 + k10k5k7k8 + k10k11k7k8+

k11k6k7k8 + k10k6k7k8 + k11k5k8k7 + k10k11k5k9+

k10k11k6k9 + k10k11k7k9 + k10k5k7k9+

k10k5k8k9 + k11k8k8k9 + k6k7k8k9 + k5k7k8k9

β2 = k11k6k7k8k9 + k10k6k7k8k9 + k11k5k7k8k9+
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k10k5k7k8k9+

k10k11k7k8k9 + k10k11k6k8k9 + k10k11k5k8

+k9k10k11k6k7k9 + k10k11k5k7k8 + k10k11k6k7k8.

β1 = k10k11k6k7k8k9 + k10k11k5k7k8k9

α3 = k2 + k4 − Gθ

α2 = 1 + k2(k4 − Gθ) + (k1 + k3)(k4 − Gθ) + ((k1 + k3)k2

+k1k3

α1 = k3lhclch + (k1 + k3)(k4 − Gθ) + k1k3(k4 − Gθ)+

k1k2k3lghlhb

α0 = lchlhck3k4 − k1k3lhblgh − k3Gθlchlhc

v3 = lhb

v2 = lhb(k4 − Gθ) + (k1 + k3)lhb + k3lhb

v1 = k1k3lhb + (k1 + k3)lhb − lghk3lhb

v0 = k1k3lhb(k4 − Gθ) + k3lhb − k1lghk3lhb

η3 = ka

η2 = k2ka + (k1 + k3)ka

η1 = lchkalhc + lchlhckak3 + k1k3ka + (k1 + k3)k2ka

η0 = lchlhckak3 − k3lchlhcka + k1k3k2ka

m2 = lhbka

m1 = lhb(k1 + k3)ka

m0 = k3k1lhbka.
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The trivial equilibrium π0 is locally asymptotically stable for sufficiently small values
of τ1+τ2 > 0 , whenever G(θ) = 0. At drug free equilibrium π0=(0,0,0,0,0,0,0,0,0,0,0),G(t) =
0,Simplifying (18) gives

η0 + v0 + m0 + α0 = (1 − χd)α3(l12 + lhc) > 0 (3.34)

and the LimS 7→∞F (S) = +∞. It shows that all eigenvalues of F (s) = 0,have
negative real parts.Hence the system is asymptotically stable. The pharmacological
implication is that mild pathological defect is not a sufficient condition for drug
reabsorption in the physiological compartments,even when the drug toxicity number
is greater than one,drug will feasile out as t 7→ ∞.

Lemma 3.2 :In the presence of pathological defects (Mild Case), the trivial equilibrium
π0 remains asymptotically with τ1 + τ2 < v2+2m2

η2
= T .

Firstly, we noticed that the condition for asymptotic stability of the drug free
equilibrium π0 are given by

ImF (iω0) > 0 (3.35)

ReF (iω0) = 0 (3.36)

where F (S) is defined by (??). Next,we implement (??) on (??):

ω4 − ω3(v3sinωτ2 + η3sinωτ1) − ...

−ω2(α2 + v2cosωτ2 + η2cosωτ1 + (cosωτ1cosωτ2 − sinωτ1sinωτ2))

−ω((cosωτ1sinωτ2 − sinωτ1cosωτ2) − v1sinωτ2)

+α0 + v0cosωτ2 + η3cosωτ1 + (cosωτ1cosωτ2 − sinωτ1sinωτ2) = 0.

The inequality (??) is satisfied when we invoke (??) on (??),

φ(τ1, τ2, ω0) > ϕ(τ1, τ2, ω0) (3.37)

where

φ(τ1, τ2, ω0) = ω2v2sinωτ2 + (cosωτ1sinωτ2 − sinωτ1cosωτ2)m2ω
2 (3.38)
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ϕ(τ1, τ2, ω0) = −η2ω
2sinωτ1. (3.39)

Next,we find φ(τ1, τ2) and ϕ(τ1, τ2) such that

φ(τ1, τ2, ω0)
(τ1 + τ2)ω2 ≥ φ(τ1, τ2) > ϕ(τ1, τ2) ≥ ϕ(τ1, τ2, ω0)

(τ1 + τ2)ω2 (3.40)

From (??), we have that

ϕ(τ1, τ2, ω0)
(τ1 + τ2)ω2 ≤ |η2| (3.41)

Hence we choose ϕ(τ1, τ2) = |η2|,where τ1 + τ2 < T and 0ω0 < ω+.

φ(τ1, τ2, ω0)
(τ1 + τ2)ω2 = v2 + 2m2

τ2 + τ1
(3.42)

By the two inequality (??), (??) ,gives

τ1 + τ2 <
v2 + 2m2

η2
= T (3.43)

τ1 + τ2is the upper bound for which the equilibrium state π0 remains asymptotically
stable.The pharmacological implication is that defect in physiological compartment
progresses from mild to acute condition when pathological defect parameters exceed
the threshold i.e τ1 + τ2 > v2+2m2

η2
.

Case1:τ1 ∈ [0, τ ∗∗
10 ] for τ2 > 0.We analyze the effect of pathological defect from

Gastrointesinal tract. Eqaution (33) reduces to

F (S, βi, α, vi, ηi, mi, τ2) = P1(S, βi)[P2,4(S, αi + ηi)+ (3.44)

e−Sτ2P3,5(S, vi + mi)]

simplify (??) when F (S) = 0, and s = iw gives

w4 − (α3 + η3)iw3 − (α2 + η2)w2 + (α0 + η0) − (coswτ2 − isinwτ2)v3iw
3

−(coswτ2 − isinwτ2)(v2 + m2)w2 + (v1 + m1)iw(coswτ2 − isinwτ2)+ (3.45)

(v0 + m0)iw(coswτ2 − isinwτ2) = 0

55



separate real from imaginary in (??),gives

w4 − (α2 + η2)w2 + (α0 + η0) = −coswτ2v3 + coswτ2(v2 + m2)w2− (3.46)

−sinwτ2(v1 + m1)w − coswτ2(v0 + m0)

−(α3 + η3)w3 = v3sinwτ2 − sinwτ2(v2 + m2)w2− (3.47)

coswτ2(v1 + m1)w + sinwτ2(v0 + m0)

By the help of (??) and (??), we obtained the polynomial of the angular fre-
quency as follows

w8 + ((α3 + η3)2 − 2(α2 + η2))w6 + ((2(α0 + η0)+

(α2 + η2) − (v2 + η2))w4−

(−(α0 + η0)(α2 + η2) − (v2 + η2))w2 + (α0 + η0)2 − v2
3 = 0 (3.48)

.Solving (??) and (??),gives

coswτ2 = D

D1

τ2j = 1
ω

cos−1( D

D1
) + 2πj

ω

j = 0, 1, ...H(42)

D = (w4 − (α2 + η2)w2 + (α0 + η0))(v3 − (v2 + η2)w2

+(v0 + m0)) − (α3 + η3)(v1 + m1)w3

D1 = v3(v3 − (v2 + η2)w2 + (v0 + m0)) + (v2 + m2)(v3 − (v2 + η2)w2+
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+(v0 + m0)) − (v0 + m0)(v3 − (v2 + η2)w2 + (v0 + m0)) − (v1 + m1)2w2

Let λ(τ) = α(τ) + iw(τ), be a purely imaginary roots of (??), such that α(τ2j) =
0, w(τ2j) = w. Next,we establish the transversality condition by differentiating
(33),with respect to τ2.

[ ds

dτ2
]−1 =

−se−sτ2 [p1
1(s, βi)p2,4(s, αi + ηi) + p1

2,4(s, αi + ηi)p1(s, βi)]
p1(s, βi)p3,5(s, vi + mi)

+

s[p1
1(s, βi)p3,5(s, vi + mi) + p1(s, βi)p1

3,5(s, vi + mi)]
p1(s, βi)p3,5(s, vi + mi)

+ (3.49)

+τ2

s

Substitute s = iw into (??). Further simplification gives

[dRe(s)
dτ2

]−1
s=iw = Q1(ω, βi, αi + mi) + Q2(ω, βi, αi + mi)

Q3(ω, βi, αi + mi)
6= 0 (3.50)

(??), satisfy the transverse condition. The implication is that the imaginary
root crosses the LHS of the S-plane with a nonzero speed. The pharmacological
implication is that pathological defect from the Gastrointestinal tract only, can effect
drug reabsorption. Drug saturation equilibrium is locally asymptotically stable if
τ2ε[0, τ ∗

2 ) , the model undergo Hoph bifurcation at drug saturation equilibrium when
τ2 = τ ∗

2 ,and a family of periodic solution τ2 > τ ∗
2 . Case2 τ1 = τ2 = τ

Using same approach in (??),equation (??) becomes

F (S) = P1(S, βi)[P2(S, αi) + e−Sτ P3,4(S, vi + ηi) + e−2Sτ P5(S, mi)] (3.51)

Simplifying (??),gives

P2(S, αi)+e−sτ ((v3 +η3)s3 +(v2 +η2)+(v1 +η1)s+(v0 +η0))+e−2Sτ (m2s2 +m1s+m0) = 0 (3.52)

substitute s = iw into (??),

w4(coswτ + isinwτ) − iw3α3(coswτ + isinwτ) − (coswτ + isinwτ)α2w
2 + ...

(coswτ + isinwτ)α1iw + (coswτ + isinwτ)α0 + +(coswτ + isinwτ)α2 − (v3 + η3)iw3

−(v2 + η2)w2 + (v1 + η1)w + (v0 + η0) − (coswτ − isinwτ)m2w
2 + ... (3.53)
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+iw(coswτ − isinwτ)m1 + (coswτ − isinwτ)m0 = 0

Seperate real from imaginary in (??), gives

v0 + η0 − (v2 + η2)w2 = −w4coswτ − α3w
3sinwτ + α2coswτ + α1wsinwτ...

−α0coswτ + m2w
2coswτ − wm1sinwτ − m0coswτ (3.54)

−(v3 + η3)w3 + (v1 + η1)w = −w4sinwτ + α3w
3coswτ + α2sinwτ − α1wcoswτ − ...

α0sinwτ − m2w
2sinwτ − m2w

2sinwτ − wm1coswτ + m0sinwτ = 0 (3.55)

Solving (??) and (??). We obtained the angular frequency equations as follows

w8 − ((v3 + η3)2 + β2
3)w6 + (m2

2 + 2(v3 + η3)(v1 + η1)−

(v1 + η1)2)w2 + m2
0 + β2

2 − (v0 + η0)2 = 0 (3.56)

There exist atleast a positive root in (??). Next, we solve the threshold condition
for which Hoph bifurcation exist for (??). Our result is defined below;

coswτ = [(v0 + η0 − (v3 + η3)w2)(−w4 + α2 − α0 − m2w
2 + m2)

F1
(−α3w

3 + α1w − m1)(−(v3 + η3)w3 + (v1 + η1)w)
F2

]

τ ∗ = 1
w

cos−1[ (v0 + η0 − (v3 + η3)w2)(−w4 + α2 − α0 − m2w
2 + m2)

F1
(−α3w

3 + α1w − m1)(−(v3 + η3)w3 + (v1 + η1)w)
F2

]

F1 = (−w4 + α2 − α0 − m2w
2 + m2)2+

(−α3w
3 + α1w − m1)(−α1w + α3w

3 + m1w)
F2 = (−w4 + α2 − α0 − m2w

2 + m2)2+
(−α3w

3 + α1w − m1)(−α1w + α3w
3 + m1w)

Next,investigate the transverse condition [ ds
dτ

]−1,from (??),gives

[d(s)
dτ

]−1 = s(P 1
1 (s, βi)P2(s, α1)esτ + P 1

2 (s, α1)P1(s, βi)esτ )s
P1(s, βi)P3,4(s, vi + η1) + P1(s, βi)P5(s, mi)e−sτ

+ τ

s
+

s(P1(s, βi)P3,4(s, vi + ηi)esτ + P1(s, βi)P3,4(s, vi + η1))
P1(s, βi)P3,4(s, vi + η1) + P1(s, βi)P5(s, mi)e−sτ

+
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+ s(P 1
1 (s, βi)P5(s, mi)e−sτ )

P1(s, βi)P3,4(s, vi + η1) + P1(s, βi)P5(s, mi)e−sτ
(3.57)

Substitue s = iw into (??). Further simplication gives

[dRe(s)
dτ

]−1
s=iw = Q4(ω, βi, vi + ηi)w[Q5(ω, βi, mi) − Q6(ω, βi, α1)

Q3(ω, βi, αi + mi)
+

−Q7(ω, βi, α1) − Q8(ω, βi, vi + ηi) − 2Q5(ω, βi, mi)
(Q4(ω, βi, vi + ηi))2 + 4 (Q5(ω, βi, mi))2 6= 0 (3.58)

(??), satisfy the transverse condition.The implication is that the imaginary root crosses
the LHS of the S-plane with a nonzero speed. The pharmacological implication is that
pathological defect from the Gastrointestinal tract only,can effect drug reabsorption.
Theorem4: The model incorporated with pathological defect parameters under
condition (??), has its drug saturation to be locally asymptotically stable, when
τε[0, τ ∗), its undergo Hoph bifurcation at drug saturation equilibrium when τ = τ ∗,
and a familiy of periodic solution at the drug saturation equilibrium when τ > τ ∗.

3.2.3 Direction of Stability

In this section , a thorough analysis on the hoph bifurcation properties shall be
discussed. This is attainable by employing the centre manifold theorem and normal
form theorem. Let t = sτ ,

Ac(t) = y1(sτ), Ah(t) = y2(sτ), Ab(t) = y3(sτ), Ag(t) = y4(sτ), At1(t) = y5(sτ),
At2(t) = y6(sτ), Apv(t) = y7(sτ), Ak(t) = y8(sτ), Au(t) = y9(sτ), Eg(t) = y10(sτ), Eh(t) =
y11(sτ)

and τ = τ ∗∗
2 + Ω, where τ ∗∗

2 is the threshold value for holph bifurcation, ΩεlR

,assume that τ ∗∗
1 < τ ∗∗

2 ,where τ ∗∗
1 ε(0, τ10).The system is transformed into the following

FDE in C([−1, 0] , lR11).

˙u(t) = Lµ(ut) + F (µ, ut) (3.59)

Where

Lµ : C → lR11andF : lR × C −→ lR11

are defined respectively , by

Lµφ = τ ∗∗
20 (X1maxφ(0) + X2maxφ(−τ ∗∗

1
τ ∗∗

2
) + X3maxφ(−1) (3.60)
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F (µ, φ) =



−lhcφ
2
2(0) + lchφ2

1(0) + lcgφ2
1(0)

−lchφ2
1(0) − lghφ2

4(0) + lhcφ
2
2(0) + lhbφ

2
2(−τ2)

−lhbφ
2
2(−τ2)

−lcgφ2
1(0) − lghφ2

4(0)
lt1φ

2
5(0) − lt2φ

2
6(0)

lt2φ
2
6(0) − lt1φ

2
5(0)

0
0
0
0
0



X1max =



−k1 lhc
max 0 0 0 0 0 0 0 0 0

lch
max −k2 0 lgh

max 0 0 0 0 0 0 0
0 lhb

max −k3 0 0 0 0 0 0 0 0
lcg
max 0 lbg

max −k4 0 0 0 0 0 0 0
kt1 0 0 0 −k5 k6 0 0 0 0 0
0 0 0 0 lt1 k6 0 0 0 0 0

kpv 0 0 0 0 0 −k7 0 0 0 0
kr 0 0 0 0 0 0 −k8 0 0 0
0 0 0 0 0 0 0 σ2 −k9 0 0
0 l2 0 0 0 0 0 0 0 −k10 0
0 0 0 l3 0 0 0 0 0 0 −k11



X2max =



0 0 0 ka 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 −ka 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0


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X3max =



0 0 0 0 0 0 0 0 0 0 0
0 −lhb 0 0 0 0 0 0 0 0 0
0 lhb 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0



;

By the Reisz representation theorem there exist a matrix function η(θ, µ) of
bounded variation for θε[−1, 0].

Luφ =
∫ 0

−1
dη(θ, µ)φ(θ) (3.61)

The matrix function is satisfield for the following condition

η(θ, µ) =


(τ2∗ + µ)(X1max + X2max + X3max), θ = 0
(τ2∗ + µ)(X1max + X2max), θε[ τ1∗

τ2∗
, 0)

(τ2∗ + µ)(X3max) θε(−1, − τ1∗
τ2∗

)
0 θ = −1

for φ ∈ C([−1, 0],R11) define

A(µ)φ =


dφ(θ)
dθ

−1 ≤ θ ≺ 0∫ 0
−1 dη(θ, µ) θ = 0

R(µ)φ =
0 −1 ≤ θ ≺ 0

F (µ, θ) θ = 0

The system (??) is equivalent to

u̇ = A(µ)ut + R(µ)ut (3.62)

where ut = u(t + θ)
The adjoint operator A∗(µ) of A(µ) is defined by

A∗Ψ(s) =


dΨ(s)
dθ

0 < s ≤ 1∫ 0
−1 dηT (s, 0)Ψ(−s), s = 0

for ΨεC([−1, 0], R11) , φεC([−1, 0],R11)
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defined

< Ψ(s), φ(θ) >= ¯Ψ(0)φ(0) −
0∫

θ=1

θ∫
ξ=0

Ψ̄(ξ − θ)dηφ(ε)dξ

< Ψ(s), φ(θ) >= ¯Ψ(0)φ(0) − D̄

0∫
θ=1

θ∫
ξ=0

e−i(ξ−θ)wτ dηφ(ξ)dξ (3.63)

From (??) it can be seen that ± iτ2ω2∗ are the eigenvalues of A (0), so ± iτ2ω2∗
are also the eigenvalues of A∗ (0), suppose that q(θ) = (1, q2...qi)T eiτ2ω2∗θ and q∗(s) =
(1, q2...qi)T eiτ2ω2∗s be the eigenvectors for A (0) and A∗ (0) corresponding to +iτ2ω2∗
and - iτ2ω2∗ respectively. Then, obtained the vectors as follows

A (0) q(θ) = iwq(θ), A∗ (0) q∗(s) = iwq∗(s) (3.64)

We compute (??) with

q(θ) = q(0)eiω2∗θ, q∗(s) = q∗(0)eiω2∗s,

−k1 lhc
max 0 kae−iω2∗τ1 0 0 0 0 0 0 0

lch
max −k2 − lhbe

−iω2∗τ2 0 lgh
max 0 0 0 0 0 0 0

0 lhbe
−iω2∗τ2 −k3 0 0 0 0 0 0 0 0

lccg
max 0 lbg

max −k4 − kae−iω2∗τ1 0 0 0 0 0 0 0
kt1 0 0 0 −k5 k6 0 0 0 0 0
0 0 0 0 lt1 −k6 0 0 0 0 0

kpv 0 0 0 0 0 −k7 0 0 0 0
kr 0 0 0 0 0 0 −k8 0 0 0
0 0 0 0 0 0 0 σ2 −k9 0 0
0 l2 0 0 0 0 0 0 0 −k10 0
0 0 0 l3 0 0 0 0 0 0 −k11





1
q2
q3
q4
q5
q6
q7
q8
q9
q10
q11



=

iω2∗



1
q2
q3
q4
q5
q6
q7
q8
q9
q10
q11


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Solving (59) using the matrix above,gives

q2 = (iω2 + k1)(lhc
m lgh

m + k2k2k1e
−iω2τ1 + lhb

m e−iω2τ1e−iω2τ2 + lhc
m iω2kae−iω2τ1)

lhc
m (lhc

m lgh
m + k2k2k1e−iω2τ1 + lhb

m e−iω2τ1e−iω2τ2 + lhc
m iω2kae−iω2τ1)

q3 = (k4 + kae−iω2τ1 + w2)
lhc
m (lhc

m lgh
m + k2k2k1e−iω2τ1 + lhb

m e−iω2τ1e−iω2τ2 + lhc
m iω2kae−iω2τ1)

q2

q4 = k2iw2 + k2k1 − w2lhc
m + lhc

m iw2k1

(lhc
m lgh

m + k2k2k1e−iω2τ1 + lhb
m e−iω2τ1e−iω2τ2 + lhc

m iω2kae−iω2τ1)
+

e−iw2τ2(lhbiw2 + k1lhb) − w2
2lhc

m + lhc
m iw2k1

(lhc
m lgh

m + k2k2k1e−iω2τ1 + lhb
m e−iω2τ1e−iω2τ2 + lhc

m iω2kae−iω2τ1)

q6 = kt1lt1
(k6 + iw2)(iw2 + k5) − lt1k6

q5 = kt1 + k6q6

iw2 + k5

q7 = kpv

iw2 + k7

q8 = kr

iw2 + k8

q9 = σ2kr

(iw2 + k8)(iw2 + k9)

q10 = l2q2

iw2 + k8

q11 = l3q4

iw2 + k11

q∗
2 = (kae−iw2τ1lbg

m lhb + lhc
m e−iw2τ2)lhbe

−iw2τ2

lhb[iw2 + (k4 + e−iw2τ1)(iw2 + k3)(iw2 + k2 + lhbe−iw2τ2 − lbg
m lgh

m

q∗
4 = kae−iw2τ1 + lgh

m q∗
2

iw2 + (k4 + e−iw2τ1)

q∗
3 = lbg

mq∗
4

iw2 + k3

q∗
5 = q∗

6 = q∗
7 = q∗

8 = q∗
9 = q∗

10 = q∗
11 =
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< Ψ(s), φ(θ) >= ¯Ψ(0)φ(0) − D̄

0∫
θ=−1

e−i(ξ−θ)wτ (1, ¯, q∗
i )dη(θ)eiξwτ (1, qi)T dξ

< Ψ(s), φ(θ) >= ¯Ψ(0)φ(0) − D̄

0∫
θ=−1

eiθwτ (1 ¯, q∗
i )dη(θ)(1, qi)T θ

= ¯Ψ(0)φ(0) + D̄

0∫
θ=−1

(1 ¯, q∗
i )e−iwτ dη(θ)(1, qi)T

¯= Ψ(0)φ(0) + D̄(1 ¯, q∗
i )X2max(1, qi)T + D̄(1 ¯, q∗

i )X3max(1, qi)T

= D̄(1 + q∗
i qi) + D̄(kaq3 − kaq3q

∗
3)e−iwτ1τ1 + D̄(lhbq1q

∗
2 − lhbq1q

∗
1)e−iwτ2τ2 (3.65)

Further simplification of (??) gives

D̄ = 1
1 + q∗

i qi + (kaq3 − kaq3q∗
3)e−iwτ1τ1 + (lhbq1q∗

2 − lhbq1q∗
1)e−iwτ2τ2

(3.66)

Next, we compute the coordinates to describe the centre manifold C0 at µ = 0.

Let utεC be the solution of system (??) and defined

z(t) =< q∗, ut >, W (t, θ) = ut(θ) − z(t)q(θ) − z̄q̄(θ) (3.67)

where z and z̄ are local coordinate for the centre manifold C0 in the direc-
tion of q∗ and q̄∗.

On the centre manifold

W (t, θ) = W (z(t), z̄(t), θ)

W (z, z̄, θ) = W20(θ)z2

2 + W11(θ)zz̄ + W02(θ) z̄2

2 (3.68)

The existence of (??) enables us to reduce (??) to an ODE on C0. When µ = 0.

ż(t) =< q∗, u̇t > (3.69)
ż(t) =< q∗, A(µ)ut + R(µ)ut > (3.70)

ż(t) =< q∗A∗, ut > + < q∗, R(ut) > (3.71)

ż(t) = iwτz(t) + q̄∗(0).f(0, ut) (3.72)

with
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q̄∗(0).f(0, ut) l g(z, z̄)

Thus (??), becomes

ż(t) = iwτz(t) + g(z, z̄) (3.73)

where

g(z, z̄) = g20(θ)z2

2 + g11(θ)zz̄ + g02(θ) z̄2

2 + g21(θ)z2 z̄

2 + ...

by definition

ut(θ) = u(t + θ) = W (t, θ) + 2Re{z(t), q(t)}.

ut(θ) = u(t + θ) = W (t, θ) + 2Re{z(t), q(t)}

ut(θ) = W20(θ)z2

2 + W11(θ)zz̄ + W02(θ) z̄2

2 + (1, qi)T eiw0τθz + (1, q̄i)T e−iw0τθz̄ (3.74)

F (0, ut) =



−lhcu
2
2(t) + lchu2

1(t) + lcgu2
1(t)

−lchu2
1(t) − lghu2

4(t) + lhcu
2
2(t) + lhbu

2
2(t − τ2)

−lhbu
2
2(t − τ2)

lcgu2
1(t) + lghu2

4(t)
lt1u

2
5(t) − lt2u

2
6(t)

lt2u
2
6(t) − lt1u

2
5(t)

0
0
0
0
0


Simplify (??),gives
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u1(t) = z + z̄ + W 1
20(0)z2

2 + W 1
11(0)zz̄ + W 1

02(0) z̄2

2

u2(t) = zq2 + z̄q̄2 + W 2
20(0)z2

2 + W 2
11(0)zz̄ + W 2

02(0) z̄2

2

u3(t) = zq3 + z̄q̄3 + W 3
20(0)z2

2 + W 3
11(0)zz̄ + W 3

02(0) z̄2

2

u4(t) = zq4 + z̄q̄4 + W 4
20(0)z2

2 + W 4
11(0)zz̄ + W 4

02(0) z̄2

2

u5(t) = zq5 + z̄q̄5 + W 5
20(0)z2

2 + W 5
11(0)zz̄ + W 5

02(0) z̄2

2

u6(t) = zq6 + z̄q̄6 + W 6
20(0)z2

2 + W 6
11(0)zz̄ + W 6

02(0) z̄2

2

u7(t) = zq7 + z̄q̄7 + W 7
20(0)z2

2 + W 7
11(0)zz̄ + W 7

02(0) z̄2

2

u8(t) = zq8 + z̄q̄8 + W 8
20(0)z2

2 + W 8
11(0)zz̄ + W 8

02(0) z̄2

2

u9(t) = zq9 + z̄q̄9 + W 9
20(0)z2

2 + W 9
11(0)zz̄ + W 9

02(0) z̄2

2

u10(t) = zq10 + z̄q̄10 + W 10
20 (0)z2

2 + W 10
11 (0)zz̄ + W 10

02 (0) z̄2

2

u11(t) = zq11 + z̄q̄11 + W 11
20 (0)z2

2 + W 11
11 (0)zz̄ + W 11

02 (0) z̄2

2

u4(t − τ1) = zq4e
−iwτ1 + z̄q̄4e

iwτ1 + W 4
02(−1)z2

2 + W 4
11(−1)zz̄ + W 4

02(−1) z̄2

2

u2(t − τ2) = zq2e
−iwτ2 + z̄q̄2e

iwτ2 + W 2
02(−2)z2

2 + W 2
11(−2)zz̄ + W 2

02(−2) z̄2

2
Obtain the coefficient

g20 = q1(lch + lcg)+q1(lch + lcg)W (1)
20 (0)−q1lhcq

2
2 −q1lhcq

2
2W

(1)
20 (0)−q2lhch −q2lhchW

(1)
20 (0)

−q2lghq2
4−q2lghW

(1)
20 (0)q2

4+lhcq2q
2
2+lhcq2q

2
2W

(2)
20 (0)+lhbq2q

2
2e−2iwτ2+lhbq2q

2
2W

(2)
20 (−2)e−2iwτ2

−lhbq3q
2
2e−2iwτ2 − lhbq3q

2
2W

(2)
20 (−2)e−2iwτ2 +q4lcg +q4lcgW

(1)
20 (0)+q4lghq2

4 +q4lghq2
4W

(4)
20 (0)

+lt1q5q
2
5+lt1q5q

2
5W

(5)
20 (0)−lt2q5q

2
6−lt2q5q

2
6W

(6)
20 (0)−lt1q6q

2
5−lt1q6q

2
5W

(5)
20 +lt2q6q

2
6+lt2q6q

2
6W

(6)
20 (0)
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g11 = 2q1(lch+lcg)−lhcq1q̄2−lchq2−lghq2q̄4+lhcq2q̄2+lhb (q̄2)2 q2−2lhbq3q̄2+2q4lcg +2q4q̄4

+2lt1q5q̄5 − 2lt2q5q̄6 + 2lt2q6q̄6 − 2lt2q6q̄5

g02 = q1(lch + lcg) − lhcq1 (q̄2)2 − lchq2 − lghq2 (q̄4)2 + lhcq2q̄2 + lhbq2 (q̄2)2 e2iwτ2

−lhbq3 (q̄2)2 e2iwτ2 + q4lcg + q4lgh (q̄4)2 + lt1q5 (q̄5)2 − lt2q5 (q̄6)2 + lt2q6 (q̄6)2 − lt1q6 (q̄5)2

g21 = q1(lch +lcg)+W
(1)
11 (0)(lch +lcg)q1 −q1lhc (q2)2 q̄2 + q̄2 (q2)2 q1W

(2)
1 (0)−2lchq2W

(1)
20 (0)

−q2lchW
(1)
11 (0) − 2lghq2 (q4)2 q̄4W

(4)
20 (0) − lghq2 (q4)2 q̄4W

(4)
11 (0) + 2lhcq2 (q2)2 q̄2W

(2)
20 (0)

+lhcq2 (q2)2 q̄2W
(2)
11 (0) + 2lhbq2 (q2)2 q̄2W

(2)
20 (−2)e−iwτ2 + lhbq2 (q2)2 q̄2W

(2)
11 (−2)e−iwτ2

−2lhbq3 (q2)2 q̄2W
(2)
20 (−2)e−iwτ2−lhbq3 (q2)2 q̄2W

(2)
11 (−2)e−iwτ2+q4lcg2W

(1)
20 (0)+q4lcg2W

(1)
11 (0)

+2q4lgh (q4)2 q̄4W
(4)
20 (0)+q4lgh (q4)2 q̄4W

(4)
11 (0)+2lt1q5 (q5)2 q̄5W

(5)
20 (0)+lt1q5 (q5)2 q̄5W

(1)
11 (0)

−2lt2q5 (q6)2 q̄6W
(6)
20 (0)−lt2q5 (q6)2 q̄6W

(6)
11 (0)+2lt2q6 (q6)2 q̄6W

(6)
20 (0)+lt2q6 (q6)2 q̄6W

(6)
11 (0)

−2lt1q6 (q5)2 q̄5W
(5)
20 (0) − lt1q6 (q5)2 q̄5W

(5)
11 (0)

with
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W20(θ) = ig20q(0)
τ ∗

2 ω2
eτ∗

2 ω2θ + i ¯q(0)ḡ02

3τ ∗
2 ω2

e−τ∗
2 ω2θ + E1e

2τ∗
2 ω2θ

W11(θ) = ig11q(0)
τ ∗

2 ω2
eτ∗

2 ω2θ + i ¯q(0)ḡ11

τ ∗
2 ω2

e−τ∗
2 ω2θ + E1

E1 = 2



k∗
1 0 0 −kae−2iτ1ω2 0 0 0 0 0 0 0

0 k∗
2 0 0 0 0 0 0 0 0 0

0 −lhbe
−2iτ2ω2 k∗

3 0 0 0 0 0 0 0 0
0 0 −vmbg k∗

4 0 0 0 0 0 0 0
−kt1 0 0 0 k∗

5 −k6 0 0 0 0 0
0 0 0 0 −lt1 k∗

6 0 0 0 0 0
−kpv 0 0 0 0 0 k∗

7 0 0 0 0
−kr 0 0 0 0 0 0 k∗

8 0 0 0
0 0 0 0 0 0 0 −σ2 k∗

9 0 0
0 −l2 0 0 0 0 0 0 0 k∗

10 0
0 0 0 −l3 0 0 0 0 0 0 k∗

11



×



(lch + lcg)q2
1 − lhcq

2
2

−lchq2
1 − lghq2

4 + lhcq
2
2 + lhbq

2
2

−lhbq
2
2

−lcgq2
1 − lghq2

4
lt1 − lt2
lt2 − lt1

0
0
0
0
0



E2 = 2



−k1 0 0 ka 0 0 0 0 0 0 0
0 −k2 + lhb 0 0 0 0 0 0 0 0 0
0 lhb −k3 0 0 0 0 0 0 0 0
0 0 vmbg −k4 + ka 0 0 0 0 0 0 0

kt1 0 0 0 −k5 k6 0 0 0 0 0
0 0 0 0 lt1 −k6 0 0 0 0 0

kpv 0 0 0 0 0 −k7 0 0 0 0
kr 0 0 0 0 0 0 −k8 0 0 0
0 0 0 0 0 0 0 σ2 −k9 0 0
0 l2 0 0 0 0 0 0 0 −k10 0
0 0 0 l3 0 0 0 0 0 0 −k11



×
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

(lch + lcg)(q2
1 + (q̄1)2) − lhc(q2

2 + (q̄2)2)
−lch(q2

1 + (q̄1)2) + lgh(q2
4 + (q̄4)2) + (lhc + lhb)(q2

2 + (q̄2)2)
−lhb(q2

2 + (q̄2)2)
−lcg(q2

1 + (q̄1)2) − lgh(q2
4 + (q̄4)2)

lt1 − lt2
lt2 − lt1

0
0
0
0
0


k∗

1 = 2iω2 + k1

k∗
2 = 2iω2 + k2 − lhbe

−2iτ2ω2

k∗
3 = 2iω2 + k3

k∗
4 = 2iω2 + k4 − kae−2iτ1ω2

k∗
5 = 2iω2 + k5

k∗
6 = 2iω2 + k6

k∗
7 = 2iω2 + k7

k∗
8 = 2iω2 + k8

k∗
9 = 2iω2 + k9

k∗
10 = 2iω2 + k10

k∗
11 = 2iω2 + k11

Thus, we have

C1(0) = i

2τ2∗ω2
(g11g20 − 2 |g11|2 − |g02|2

3 ) + g21

2 ,

µ2 = Re {C1(0)}
{S ′(τ2∗)}

β2 = 2Re {C1(0)}

T2 =
Im {C1(0)} + µ2Im

{
S

′(τ2∗)
}

τ2∗ω2∗

(3.75)

Theorem 3.6 For system (1), if µ2 > 0 (µ2 < 0),then the Hoph bifurcation is
supercritical, if (β2 > 0), then the bifurcating periodic solutions are stable(unstable);if
T2 > 0, (T2 < 0),then the periodic solutions increases (decreases).
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3.3 Derivation of Pharmacokinetic Parameters.

3.3.0.1 Drug Clearance

In order to ascertain the impact of hepatobiliary on drug clearance,which is defined
as the elimination of drug from the systemic compartment,we established equations
for drug clearance for each compartment as follows

CL = Vckr

+ Vc[
kak2f

hc
u f ch

u f cg
u + V hc

maxk4f
ch
u f cg

u + V ch
maxk4f

hc
u f cg

u f ch
u + V cg

maxk4k2f
hc
u f ch

u f cg
u

k4k2fhc
u f ch

u f cg
u

]

CLh = Vc[
ka(khkm1 + kh

cat + V hb
max)fhc

u f ch
u f cg

u

k4k2fhc
u f ch

u f cg
u km1

]

CLg = [

(
kgkm2 + kg

cat + V gh
max

) (
V hc

maxf ch
u f cg

u + V ch
maxfhc

u f cg
u f ch

u

)
k4k2fhc

u f ch
u f cg

u
]

3.3.1 Volume of Distribution

The volume of distribution of drug is the ratio of the total amount of drug in the
system to the plasma concentration of the drug ,i.e

Vss =
∑i=n

i=1 Ai

Cc

(3.76)

Simplify (??),gives

Vss = Vc[(
(kt1 − α)k4k8Qpvkg

mkg
deg + 2ka(kt1 − α)k4k8Qpvkg

mkg
deg

(kt1 − α)k1k4k8Qpvkg
mkg

deg

+
Qrkhσ2k8k4Qpv(kt1 − α)kg

mkg
deg + Qgkak1k8(kt1 − α)kg

mkg
deg

(kt1 − α)k1k4k8Qpvkg
mkg

deg

+
2kt1kak4k8Qpvkg

mkg
deg + kg

catf
g
u(kt1 − α)kg

mkg
degk1k8Qpv

(kt1 − α)k1k4k8Qpvkg
mkg

deg

)

(V cg
max + V bg

max − V gh
max + FaDikae−kat

k4
)

+ (2 + Qrkaε(kt1 − α) + σ2Qrka(kt1 − α) + 2kt1εk8

(kt1 − α)k1ε
)(V hc

max + V ch
max − V cg

max)

+ (
kh

mkh
deg + kh

catf
h
u

kh
mkh

degk2
)(V ch

max + V gh
max − V hc

max + V hb
max)

(V hb
max + V bg

max − V gh
maxsin(wt))

k3
]
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3.3.1.1 Bioavailability of Drug

Bioavailibilty of EHC drug is define as the ratio of drug amount in urine when it is
administered orally to the drug amount in urine when administered intraveneously[Ste-
fan Horkovic-Kovats]. Invoke this definition into model,we obtained bioavaililibility
formula as follow

B = Fa(k3(kak2 + vghvhc)
(vghvhbvbg − k2k3k4)
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Chapter 4

NUMERICAL SIMULATION

This chapter focuses on numerical simulation of physiological based pharmacokinetic
model of Enterohepatic drugs that captures nonlinear kinetics and pathological de-
fect.The effect of EHC on pharmacokinetic parameters such as Bioavailabilty and
Clearance of the drug are investigated.
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Table 4.1: Baseline values, units, ranges, and references for parameters of EHC

Parameter Baseline value / Units Range Reference
kr 0.015(h−1) fixed Leyanis R.V. (2023)
ka 0.995((h−1) fixed Alpizar et al.
vch 20.05(mgh−1) fixed Saganuwan (2021)
vbg 8.01(mgh−1) fixed Saganuwan (2021)
fbg 0.6 (dimensionless) fixed Saganuwan (2021)
kbg 4.01 (mgL−1) fixed Assumed
fch 0.85 (dimensionless) fixed Assumed
kch 10.01(mgL−1) fixed Assumed
vhc 11.20(mgh−1) fixed Saganuwan (2021)
fhc 0.75 (dimensionless) fixed Assumed
khc 5.41(mgL−1) fixed Assumed
vcg 17.20mgh−1 (0, 1] Assumed
fcg 0.85 (0, 1] Saganuwan (2021)
kcg 8.405mgL−1 fixed Assumed
qk 0.57mgh−1 fixed Saganuwan (2021)
qpv 0.6209 (0, 1] Assumed
vgh 1.08h−1 (0, 1] Manuel (2020)
fgh 0.8 (0, 1] Manuel (2020)
kgh 5.47 (0, 1] Leyanis R.V. (2023)
vhb 8.0 (0, 1] Manuel (2020)
fhb 0.8 (0, 1] Assumed
τ2 1 (0, 10] Assumed
w varied (0, 180] Assumed
ρ1 varied 1, 6, 18, 48 Assumed
τ1 0.5 (0, 10) Assumed
θ varied (0, 180] Assumed
fa 0.04051 (0, 1] Assumed
D 300mg (100, 700) Saganuwan (2021)
kmg 0.067 fixed Assumed
kcatg 0.0068h−1 fixed Saganuwan (2021)
fu 0.75 (0, 1] Assumed
qg 0.00101h−1 (0, 1] Manuel (2020)
Qg 0.2h−1 (0, 1] Manuel (2020)
Qpv 0.8760h−1 (0, 1] Manuel (2020)
q2 0.108h−1 (0, 1] Manuel (2020)
ε 0.0065h−1 (0, 1] Assumed
kdegh 0.25h−1 (0, 1] Saganuwan (2021)
kdegh 0.15h−1 (0, 1] Saganuwan (2021)
φ 1.5h−1 (0, 1] Assumed
τ1 0.5 (0,10) Assumed
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4.1 Impact of EHC on Drug Clearance

CL = Vckr + Vc[kak2fhc
u f ch

u f cg
u + V hc

maxk4f ch
u f cg

u + V ch
maxk4fhc

u f cg
u f ch

u + V cg
maxk4k2fhc

u f ch
u f cg

u

k4k2fhc
u f ch

u f cg
u

] (4.1)

Taking the second partial of (??) with respect to EHC parameter gives
∂2CL

∂v2
gh

= fchfhcfcgkakg + kr

fchfhcfcgk1v3
gh

> 0 (4.2)

The second partial derivatives of (??),is positive.This suggest that EHC processes
atenuate drug clearance.

Drug Clearance
CL with EHC

Drug Clearance
CL without EHC

0.0984382 0.101076

Table 4.2: Data of CL (with/without EHC). Further validates the claim in (??) numerically.

Figure 4.1: Numerical Simulation of CL(with/without EHC)

The figure ?? above shows the simulation of (??) with and withouth EHC parameter.The
yellow line (drug clearance without EHC parameter),suppresses the blue line(drug
clearance with EHC parameter)

4.2 Impact of EHC on Bioavailibility

B = Fa(k3(kak2 + vghvhc)
(vghvhbvbg − k2k3k4)

(4.3)

Taking the second partial of (??) with respect to EHC parameter gives
∂2B

∂v2
gh

= −2Fk2k3vbgvhb(kavbgvhb + k3k4vhc)
(k2k3k4 − vghvhbvbg)3 < 0 (4.4)
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Bioavailibility without EHC Bioavailibility with EHC
25.4895 60.8163

Table 4.3: Computed data of Bioavailibility(with/without EHC)

The second partial derivative of (??), suggest that EHC process increases bioavailibility.

Figure 4.2: Numerical Simulation of Bioavailibility(with/without EHC)

The figure ?? above shows the simulation of (??) with and withouth EHC parameter.The
blue line (drug bioavailibility with EHC) dorminate the yellow line (drug bioavailibility
without EHC parameter).Which validate the claim in (??).

4.2.1 Effect of Bile Delay on Drug Reabsorption Number

In this section,we shall investigate numerically the effect of pathological defect on
drug reabsorption number in the presence of meal intake.

Bile Delay Parameter(τ2) Period of Meal Intake(ρ1) Drug ReabsorptionNumber(χd)
0.5 1 1.09103
0.5 6 1.11522
0.5 17 0.448162
0.5 30 0.438665
0.5 48 0.517033

Table 4.4: The effect of bile delay is induced as a result of pathological defects (e.g., liver injury,
mild case).
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Bile Delay
Parameter

(τ2)

Period of Meal
Intake
(ρ1)

Drug Reabsorption
Number

(χd)
6 1 266.967
6 6 169.167
6 17 109.662
6 30 107.338
6 48 126.514

Table 4.5: Effect of bile delay on the drug reabsorption number (χd). The effect of bile delay arises
from pathological defects (e.g., severe liver injury or acute gallbladder dysfunction).

Vss

(L/kg)
CL

(L/kg · hr)
AUC

(mg · kg · hr/L)
Computed Values 0.821679 0.107387 2793.63
Standard Values 0.75 0.12 2937.3

Table 4.6: Comparison of pharmacokinetic parameters with experimental values.

Parameter Description Symbol Sensitivity Index Value Effect Type Interpretation
Fraction in hepatobiliary system fhb +10 Positive Slight increase enhances clearance marginally.
Absorption rate constant ka +20 Positive Increased absorption promotes faster clearance.
Michaelis–Menten constant (GIT) kmcg -320 Strong Negative Major negative influence; higher values reduce clearance significantly.
Bile volume flow rate vhb -50 Negative Increased biliary flow slightly reduces clearance.
Recycling coefficient φ -40 Negative Enhances reabsorption, reducing net elimination.
Catalytic rate constant kcath ≈ 0 Neutral Minimal effect on clearance.
Hepatic elimination constant kh ≈ 0 Neutral No significant influence.
Volume of central compartment vcg ≈ 0 Neutral Negligible impact on clearance.
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Figure 4.3: Sensitivity Analysis

Figure ?? provides insight into how different pharmacokinetic parameters influence
the overall clearance of the drug within the enterohepatic circulation model. Each bar
in the plot represents how strongly a parameter affects the rate at which the drug is
eliminated from the body. kmg (the Michaelis–Menten constant for gastrointestinal
metabolism) shows the largest negative influence on clearance. This means that as kmg
increases, drug clearance slows down significantly. In practical terms, a higher kmg
reduces the efficiency of metabolic enzymes in the gastrointestinal tract, allowing the
drug to remain longer in circulation. This observation agrees with the earlier nonlinear
kinetic patterns, where enzyme saturation limited metabolism and prolonged the drug’s
presence in the system. In contrast, parameters such as ka (absorption rate constant)
and fhb (fraction bound in the hepatobiliary system) show small positive effects. A
higher ka enhances drug absorption into the bloodstream, which can lead to more
efficient elimination, but the impact remains modest compared to the dominant effect of
kmg. The bile flow rate (vhb) and the biliary recycling constant φ also have noticeable
negative effects. When these parameters increase, more of the drug is reabsorbed
into the gastrointestinal tract rather than being fully cleared, resulting in delayed
elimination and possible re-exposure of the system to the drug. Other parameters such
as kcath, kh, and vcg have very small or negligible sensitivity indices, suggesting that
their direct effect on clearance is minimal under the current model conditions.
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Figure 4.4: Elimination rate
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Figure 4.5: Elimination Parameter

At lower elimination rates, the toxicity values of figure ?? stay close to 1.0, meaning
that the drug is relatively safe under those conditions. However, as both absorption
and elimination increase, the toxicity value rises slightly above 1.1. This suggests
that when the drug is absorbed quickly and not eliminated as efficiently, more of it
accumulates in the body, leading to a mild increase in toxicity.
Figure ?? also compares absorption and elimination, but this time the contour values
range from 0 to 12, showing a wider span of toxicity levels. At the lower end—where
both absorption and elimination are small—the toxicity values are very low, between
0 and 2. As both parameters increase, the toxicity gradually rises, reaching the
highest levels around 12.
Figure ?? show how toxicity is related to absorption and elimination rates, the wave-
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(a) Contour plot(Toxicity Number) (b) Contour plot

Figure 4.6: Drug Reabsorption number with Bile delay effect

like contours suggest that the drug does not simply decline over time but instead
goes through repeated cycles of reabsorption. This happens because, after being
metabolized by the liver, part of the drug isot.
Figure ?? shows toxicity in relation to the gallbladder emptying rate and absorption
rate, also reflects this cyclical behavior. Each “wave” represents a phase of drug re-entry
into the bloodstream following bile release from the gallbladder. As the gallbladder
empties faster or as the absorption rate increases, more drug is reabsorbed, leading to
higher toxicity values in those regions. released into the bile, stored in the gallbladder,
and later emptied into the intestine. From there, some of the drug is reabsorbed into
the bloodstream, causing secondary increases in drug levels.
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Figure 4.7: Bifurcation Diagram

Figure ?? shows that χd < 1 is not a sufficient condition for toxic free state at [0.4 1),this
suggest that there exist stable region(grey) for toxicity and unstable region(yellow).

(a) Contour plot(Toxicity Number) (b) Contour plot

Figure 4.8: Drug Reabsorption number with Bile delay effect

Figure ?? shows the stability plot in the presence and absence of pathological parameters.
Figure(??) depict the transverse condition as pathological parameters crosses the
immaginary plane with non zero speed. The physiological implication is that a patient
with systemic disease shouldn’t be administered EHC drug, becauses pathological
parameters increases drug reabsorption. Thus increases the chances of systemic
exposure to the disease.
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(a) Contour plot(Toxicity Number) (b) Contour plot

Figure 4.9: Phase Portrait

The spiral plot in figure ?? and ?? establishes the existence of Hoph bification suggesting
drug reabsortion in physiological model when τ = τ ∗.

(a) Contour plot(Toxicity Number) (b) Contour plot

Figure 4.10: Phase Portrait

Figure?? and ?? define limit circle( familiy of periodic solution) when τ > τ ∗.The
pharmacological implication is that pathological defect transit from mild to worse case.
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Figure 4.11: Sink spiral of the system at toxicity steady state

Figure ?? represent sink spiral of the system when it is investigated at toxic equilibria.
Hence the system is stable at toxic equilibrium

(a) liver nonlinear (b) Simulation of Liver Compartment(linear Kinetics)

Figure 4.12: Simulation of Liver Compartment

Figure ?? show how the drug behaves in the liver under both linear and nonlinear
conditions, highlighting the role of enzyme activity in drug metabolism.
In the figure ??, the amount of drug in the liver rises and falls repeatedly over
time, forming several peaks before it gradually decreases. This fluctuation suggests
that the drug is continuously being taken up and metabolized by the liver, possibly
with some recycling between the liver and other organs. The gradual reduction in
peak height shows that the drug is being cleared at a steady rate, meaning the
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enzymes are not saturated and the elimination process stays proportional to the
concentration of the drug.
In figure ??, in the nonlinear kinetics plot, the drug level increases quickly, reaching
a single peak of about 0.6 mg at around the fifth hour, then slowly declines. This
pattern suggests enzyme saturation — when the enzymes responsible for metabolism
are working at full capacity and can’t process the drug any faster. As a result, the
drug stays longer in the liver before it’s fully eliminated.

(a) Nonlinear (b) linear plot

Figure 4.13: Simulation of Gallblader Compartment

Figure ??, shows that the drug level in the gallbladder increases more smoothly to a
smaller peak of about 3.5–4 mg around four hours, then declines gradually with only
slight fluctuations. The absence of strong multiple peaks means that the recycling
process is less active here. This likely happens because the enzymes or transporters
responsible for moving the drug into the bile become saturated at higher concentrations.
Once these systems reach their limit, less of the drug can enter the bile, and the
recycling effect becomes weaker. Figure ??, shows that the amount of drug in the
gallbladder rises sharply to about 65 mg within the first two hours and then shows
several smaller peaks that gradually decrease over time. These repeating rises and
falls suggest that the drug is being released and reabsorbed in cycles. This pattern
is typical of enterohepatic circulation, where the liver sends the drug into the bile, it
collects in the gallbladder, and after bile is released into the intestine, part of the drug
is absorbed again into the bloodstream. Each small rise on the graph reflects one of
these recycling events. Although the overall level of the drug decreases with time, the
recycling process slows down its complete elimination from the body.
Figure ??, the amount of drug interacting with enzymes in the gastrointestinal tract
rises quickly to about 25 mg within the first five hours, then gradually decreases
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(a) git linear (b) Git Nonlinear

Figure 4.14: Simulation of GIT Compartment(linear Kinetics

over time. This pattern shows that the drug binds to the enzymes in a steady and
predictable way — as more drug is present, more enzymes become occupied, and as the
concentration drops, the enzymes are slowly freed again. The smooth rise and fall of the
curve indicate that the body’s metabolic system is working normally without becoming
overloaded. This is typical of a situation where the rate of metabolism depends directly
on how much drug is available, meaning the enzymes are not saturated.Figure ??, the
drug reaches a smaller peak of about 4.5 mg at around the same time and then declines
gradually. The lower peak suggests that the enzymes in the gut become saturated
quite early, so even when more drug is available, the metabolism cannot speed up
any further. This happens when the enzyme capacity is limited — once all active
sites are occupied, the system cannot process the drug any faster. As a result, the
curve shows a short plateau before the decline begins.
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(a) linear kinetics (b) Nonlinear kinetics

Figure 4.15: Simulation of Fluid Compartment of the Brain

Figure ??, the amount of drug in the brain fluid compartment rises quickly to a small
peak of around 4–5 mg and then decreases sharply during the first few hours. After
this initial drop, the decline becomes much slower, extending over several hundred
hours. This pattern indicates that the drug enters the brain fairly quickly but leaves it
gradually, following a steady first-order process where the rate of elimination depends
on the drug’s concentration. The smooth decline suggests that there is no saturation
of the transport or metabolic processes involved. This behavior is typical of EHC
drugs that cross the blood–brain barrier easily and are cleared slowly, without strong
binding or accumulation inside brain tissue. Figure ??, the curve starts much higher,
around 25 mg, and then falls very rapidly within the first 10 hours before continuing to
decline slowly over time. The sharp initial drop reflects a situation where the brain’s
elimination mechanisms—such as active transporters or metabolic enzymes—become
saturated at high concentrations. Once the drug level drops below that saturation
point, the elimination becomes more regular and follows a slower, more proportional
decline. The long tail in the graph shows that some of the drug remains in the brain
for a long time, likely due to storage or binding within brain tissues.

86



(a) tissue linear (b) Tissue Nonlinear

Figure 4.16: Simulation of Tissue Compartment of the Brain

Figure ??, the drug amount rises quickly compare to figure ??, meaning it is absorbed
and distributed into the brain almost immediately after administration. After reaching
a peak, the amount of drug steadily decreases over time. This slow, smooth decline
shows how the drug is gradually broken down and removed from the body.

(a) Kidney Linear (b) kidney Nonlinear

Figure 4.17: Simulation of kidney Compartment

The plots (figure ??) show how the drug behaves in the kidney under both linear
and nonlinear kinetics.
In figure ??, the drug amount in the kidney rises quickly, reaching a high peak of
about 95 mg around the second hour. This sharp increase suggests that the kidney
absorbs the drug rapidly, likely due to enzyme or transporter saturation at higher
concentrations. After reaching the peak, the amount of drug decreases gradually as
the elimination process begins to dominate.
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Figure ??, the pattern is much smoother and less intense. The drug concentration
increases steadily, peaking at around 22 mg near the fourth hour, before slowly
declining. The absence of saturation effects means that the rate of elimination remains
proportional to the drug concentration throughout the process.

(a) liver enzymes nonlinear (b) Liver Enzymes linear

Figure 4.18: Simulation of Enzyme Compartment in Liver

Figure ??, the drug reaches a smaller peak of about 4.5 mg at around the same time
and then declines gradually. The lower peak suggests that the enzymes in the gut
become saturated quite early, so even when more drug is available, the metabolism
cannot speed up any further. This happens when the enzyme capacity is limited —
once all active sites are occupied, the system cannot process the drug any faster. As
a result, the curve shows a short plateau before the decline begins. In figure ??, the
amount of drug interacting with enzymes in the hepatocyte rises quickly to about 4.8
mg within the first five to ten hours, then gradually decreases over time. This pattern
shows that the drug binds to the enzymes in a steady and predictable way — as more
drug is present, more enzymes become occupied, and as the concentration drops, the
enzymes are slowly freed again. The smooth rise and fall of the curve indicate that
the body’s metabolic system is working normally without becoming overloaded. This
is typical of a situation where the rate of metabolism depends directly on how much
drug is available, meaning the enzymes are not saturated.
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(a) Nonlinear kinetics (b) linear kinetics

Figure 4.19: Drug Reabsorption number with Bile delay effect

Figure ?? represents the behavior of the drug under linear kinetics. The curve rises
quickly to a peak value of about 25 mg within the first few hours and then declines
gradually over time. This pattern suggests that the drug is absorbed rapidly into the
central compartment and eliminated at a constant rate that depends on its concentration.
In other words, the body clears the drug in proportion to how much of it is present.
This kind of response usually occurs when the metabolic and excretory systems are
not saturated, which is typical for drugs given at low or moderate doses. Figure ??,
the drug amount starts very high—around 300 mg—and drops sharply within the first
few hours. After that, the decline slows down, and there is a small secondary rise
or shoulder in the curve around five to six hours. This behavior indicates that the
elimination processes have become saturated; the body cannot clear the drug as quickly
once certain enzymes or transport systems are working at full capacity. The small
secondary rise suggests that some of the drug is being reabsorbed into the bloodstream
after biliary excretion, a process known as enterohepatic recirculation.
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Chapter 5

SUMMARY AND CONCLUSION

5.1 summary

Enterohepatic circulation (EHC) is one of the major causes of systemic diseases in
human with pathological defect which are spurred by drug saturation that has the
potency of inducing toxicity in the systemic circulation.It involves influx circulation of
synthesize drug(Bile Acids) from the liver to the Gallbladder where it is excreted into
the Gastrointestinal tract and subsequently reabsorbed into the liver. Mudra et al.,
2011, asserted that cholestasis reduces biliary secretion by seventy to ninety percent in
human compartment. This is due to disorder of eneterohepatic circulation process.
We present physiological base delay differential equation that consider physiological
conditions in the presence and absence of pathological defect.The model is rigorously
analyzed on Drug Free Equilibria, Drug Saturation Equilibria, Toxicity Equilibria and
Drug Reabsorption Equilibrium. Qualitative analysis such as Local and global stability
of the model in the absence of pathological defect is considered. Also, Hoph bifurcation
analysis for the model in the presence of Pathological parameter is investigated for
which there exist a trans from spiral to periodic phase. The direction of Stability(super
critical and sub critical) was thoroughly analyzed.Secondary data is sourced for the
model and parameters are fitted using MATLAB software (dde23).

5.2 FINDINGS

The findings of the study are as follows;

1. The drug free equilibrium of EHC model in the absence of pathological defect
parameters was locally and globally asymptotically stable when χd ≤ 1. How-
ever,for small values of pathological parameters, EHC model is stable. Also, there
exist a unique equilibrium in EHC model in the absence of drug reabsorption free
equilibrium.These equilibrium is locally asymptotically stable in the presence
of drug forcing function. First and second tangency condition for backward
bifurcation is satisfied if reabsorption parameters and pathological paramters are
set to zero.
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2. There exist condition for which which pathological defect progresses from mild
to acute τ1 + τ2 > v2+2m2

η2
. Also, Pathological defect from the Gastrointestinal

tract only, can effect drug reabsorption when τ ∗ = τ

3. Drug reabsorption number is a consequence of drug toxicity when χd ≥ 1.When
χd ≤ 1.It implies that drug reabsorption can be effectively controlled. Drug
toxicity decreases with increase in gallbladder emptying and renal elimination,
hence reduces chances for systemic diseases such as gallstone, hepatotoxicity,
cholelithiasis and bile duct cancer.

4. Sensitivity analysis of the parameters showed that drug clearance decreases with
kcg

m (low value) and residual bile volume( φ).But increases with absorption of the
drug ka,indicating enzymes saturation.Also,volume of distribution at steady state
is attenuated by fraction of unbound drug( fhb)and increases by residual bile
volume( φ),suggesting high binding effect of enzymes with drug decreases vss.

5. Numerical simulation result showed that nonlinear kinetics initiate oscillation
despite the absence of pathological parameters and linear kinetics induces
oscillation if and only if pathological parameters are captured in the model.
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5.3 Contribution to Knowledge

The study has contributed to knowledge in the following ways;

1. A novel mathematical model for enterohepatic circulation with bile delay effect
that captures nonlinear kinetics of drug was formulated.

2. Patients with pathological defect under the administration of EHC drugs are
easily exposed to drug toxicity.

3. Drug toxicity can be easily manage in patient without pathological defect.

5.4 Concluding Remarks

A formulated physiological mathematical models consisting of system of nonlinear delay
differential equation are used to investigate the dynamics of enterohepatic process and
suggest homeostatic mechanism that can disrupt the process. In particular, two special
case for the physiological model are thoroughly discussed : pathological defect (Bile
delay and Gastrointestinal disorder) and non pathological defect.
The analysis of the model at the drug free equilibria revealed that the model in the
absence of pathological defect parameters was locally and globally asymptotically
stable when χd ≤ 1. However,for small values of pathological parameters, EHC model
is locally and asymptotically stable. Also, there exist a unique equilibrium in EHC
model in the absence of drug reabsorption free equilibrium. These equilibrium is locally
asymptotically stable in the presence of drug forcing function. First and second tangency
condition for backward bifurcation is satisfied if reabsorption parameters and pathologi-
cal parameters are set to zero. Analysis of the model with pathological parameters(bile
delay and Gastrointestinal disorder) revealed that there exist condition for which which
pathological defect progresses from mild to acute τ1 + τ2 > v2+2m2

η2
. Also, Pathological

defect from the Gastrointestinal tract only, can effect drug reabsorption when τ ∗ = τ .
Sensitivity analysis of the parameters showed that drug clearance decreases with
kcg

m (low value) and residual bile volume ( φ). But increases with absorption of
the drug ka,indicating enzymes saturation. Also, volume of distribution at steady
state is attenuated by fraction of unbound drug ( fhb) and increases by residual
bile volume( φ), suggesting high binding effect of enzymes with drug decreases vss.
Numerical simulation result showed that nonlinear kinetics initiate oscillation despite
the absence of pathological parameters and linear kinetics induces oscillation if and
only if pathological parameters are captured in the model.
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Overall, this research provides a solid theoretical foundation for understanding how
bile circulation affects drug toxicity. The results can help in designing safer drugs,
improving dosage planning, and guiding clinical decisions for patients with liver or
bile-related disorders.
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