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ABSTRACT

Real life models that are characterized by randomness are best described using Stochastic Or-
dinary Differential Equations (SODEs). Most SODEs that satisfy existence and uniqueness
theorem are often insoluble via the use of analytic methods. Numericals solution are derived
and the complexity of generating approximate solutions to SODEs are heightened by the pres-
ence of the phenomenon called stiffness. Hence, A-stable numerical methods are desired. This
is a strigent requirement that can only be met by implicit methods.

Two families of A-stable numerical methods for numerical approximation of SODEs are
derived using Ito Taylor, Taylor’s series and undetermined coefficients methods. The stability
analysis of both families of methods are established using the Boundary locus method.

Families of methods developed are A-stable for £ < 12. Mean-square stable and strong
stable for order p = 1. The Numerical implementation generated on the standard test problems
in the literature shows that the numerical solution to methods developed are in most cases better
when compared to numerical solution generated by existing methods in the literature designed
for stiff SODEs. The numerical solutions are also compared with exact solution where they are
available. The numerical solution mimic the exact solution, hence the proposed methods are

well suited for the treatment of stiff SODEs.

XV



CHAPTER ONE

Introduction

1.1

Stochastic Ordinary Differential Equations (SODEs) represent a class of Mathematical models
critical to describing systems evolving in time with inherent randomness. These equations inte-
grate deterministic dynamics with stochastic processes, often modeled as Wiener processes or
Brownian motion. In real-world systems, such equations capture uncertainties due to incom-
plete knowledge, environmental unpredictability, or intrinsic variability of the system under
study. Among SODEs, a significant subclass exhibiting stiffness has attracted increasing atten-
tion due to both theoretical complexities and computational challenges posed by their combined
features of rapidly varying and slowly evolving components.

Stiffness, originally a concept within deterministic Ordinary Differential Equations (ODEs),
manifests when solutions exhibit multiple time scales wherein some modes decay or evolve
much faster than others. Extending this concept to SODEs introduces additional complications
because the stochastic terms can interfere with numerical stability and accuracy in unpredictable
ways. The interplay between stiff drift components and stochastic perturbations leads to models
that representative of many complex processes in science and engineering.

Mathematical models that are accounts for randomness are formulated using Stochastic Or-



dinary Differential Equation of the form:

dX(t) = f(X(1)dt + g(X(E)AW (1), X(tg) =Xy, t€[t,,T], X:R—R"

Filte, T] x R" = R", g:R™ = R™™ dW(t) € R™.
(1.1.1)

where f(X(t)) is the drift term, g(X (¢)) is the diffusion (or the stochastic term) and W ()
is the independent Wiener process, with increment AW (t) = W (t + At) — W (t) is a Guassian
random variable, that is AW (¢) ~ N (0, At). The SODE (1.1.1) can equivalently be written in

integral form as:

t t
Xt:X0+/ f(s,XS)der/ g(s, X,)dW,. (1.1.2)
to t

0

where the first integral of (1.1.2) is Riemann sum integral and the second integral is called the
Ito integral which cannot be understood as a Riemann-Stieltjes integral, because Wiener process
is nowhere differentiable and unbounded, Kloeden and Platen (1992). The autonomous form
of (1.1.1) is given as:

dX, = f(X,)dt + g(X,)dW,. (1.1.3)

1.2 Stiff and non-stiff Stochastic Ordinary Differential Equations (SODEs)

An ODE is said to be stiff, if it contains components evolving on widely separated time scales
Hairer et al (1993), Muka and Ikhile (2015). In the deterministic case (when g = 0), stiffness
is typically associated with rapidly decaying modes in the drift term, Muka and Ikhile (2015).
When extending this idea to Stochastic Ordinary Differential Equations (SODEs), stiffness per-
sists but becomes more complex due to the presence of noise. For stochastic systems, stiffness
may arise due to the combined effects of both drift term f(x,t¢) and diffusion term g(x,t) in
(1.1.1). This occurs particularly when the drift term f(x, ¢) has eigenvalues with large negative

real parts or when the diffusion term g(x,t) introduces stochastic perturbations that amplify



numerical instability. Both the drift and diffusion terms influence stability, and as a result, stift-
ness in SODE:s is typically studied in terms of mean-square stability and asymptotic stability
(Higham (2000) and Schurz (1999)). The SODE (1.1.1) is said to be stiff or non-stiff depending

on the behaviour of its drift term and how it affects the numerical stability of the solution.

Definition 1.1. (Burrage and Burrage (1996), Schurz (1999))
A Stochastic Ordinary Differential Equation (SODE) is said to be stift if its drift and diffu-

sion coefficients generate solution components that evolve on widely differing time scales.

A simple test equation often used to study stiftness in SODEs is the linear scalar stochastic

test equation:

dX, = AX,dt + pX,dW,,  X(0) = X,, (1.2.1)

where A\, u € C, and R(\) < 0. The exact solution of (1.2.1) is
X, =X, exp(</\ — %/ﬁ) t+ th) .

For this equation, stiffness arises when |93 ()| > 1, that is, when the drift term causes rapid

decay in the mean, while the diffusion term introduces slow stochastic variations.

Example:

dX, = —100X,dt + 0.5X,dW,,  X,=1. (1.2.2)

Here, the deterministic part decays extremely fast, creating stiffness. Explicit Euler schemes
2
require h < W for stability that is, A < 0.02. Such small h values make explicit integration
inefficient.

Remark 1.1. In the stochastic setting, stiffness can also be characterized through the spectral

properties of the drift Jacobian and the diffusion matrix. If the eigenvalues of the drift Jacobian



Of /Ox have large negative real parts and the diffusion term does not sufficiently dampen high-

frequency stochastic modes, then the SODE is said to be stiff Schurz (1999).

Definition 1.2. Non-Stiff SODE
An SODE (1.1.1) is non-stiff when its drift term does not vary rapidly and numerical meth-

ods can solve it accurately with a moderate step size h without loss of stability.

Example:

dX, = —2X,dt + 05X, dW,,  X,=1. (1.2.3)

Here, the deterministic decay rate (—2) is mild; thus, the numerical methods are stable even

for moderately large time steps.

1.3 Stochastic Models

Stochastic models that describe real-life phenomena abound across different fields. In biochem-
ical kinetics, certain reactions occur on molecular scales within nanoseconds, while others span
minutes or longer, with random fluctuations from thermal agitation or molecular collisions driv-
ing stochasticity, Han (2019). Ecological and population models incorporate rapid birth-death
events with slower environmental changes, all under uncertain environmental noise. Likewise,
in engineering control systems, noise sources alter system trajectories in ways that can cause
or mask instabilities, especially when fast feedback loops coexist with slow reference dynam-
ics. Financial mathematics employs stochastic models for asset price evolution, often involving
volatile and rapidly adjusting variables coupled with longer-term trends, creating stiff stochas-
tic frameworks for option pricing and risk management. The challenge these stiff SODEs pose
is multifaceted. Theoretically, the existence and uniqueness of solutions may require special
constructions or restrictive assumptions. Practically, standard numerical methods can fail to
converge or demand prohibitive computational effort to maintain stability. This complexity has

4



made the study and numerical solution methods for stifft SODEs a major research area, linked
inherently to modeling fidelity and efficient simulation for decision-making in critical systems.
1.3.1 Finance

Stock prices fluctuate randomly due to unpredictable market forces such as news, economic
data, or investor sentiment. The Black—Scholes model describes how stock prices evolve over
time as a geometric Brownian motion, Black and Scholes (1973).

The Black-Schole’s model, given as:
dS, = pSydt + oS,dW,, (1.3.1)

where S, is the asset price at time t, 1. is the drift (rate of return), o is the volatility (standard
deviation of the stock’s return), W, is a Wiener process (Brownian motion).

The analytical solution of (1.3.1) is given by:

1
X, = X,exp ((,u — 502> t+ O’Wt> . (1.3.2)

This model is used in option pricing, portfolio optimization, and is assessment to exemplify

financial uncertainty in asset prices and forms the basis for option pricing and risk management.

1.3.2 Physics

A microscopic particle suspended in a fluid experiences random collisions with surrounding

molecules, causing it to move irregularly, Langevin Equation, Gardiner (2009) is given as:

mdv, = —yv, dt + V2D dW,, (1.3.3)



where v, velocity of the particle at time ¢, m : mass of the particle, v : friction (drag coefficient),
D : diffusion coefficient, W, : standard Wiener process (Brownian motion). —yv, dt represents
the frictional force slowing the particle. v/2D dW, models the random molecular impacts from
collisions with surrounding fluid molecules. This model is used in statistical physics, molecular
dynamics, and nanoparticle tracking to check the behaviour in microscopic physical systems,

bridging deterministic mechanics with random thermal effects.

1.3.3 Neuroscience

The stochastic Hodgkin-Huxley model describes the evolution of a neuron’s membrane poten-
tial under the influence of ionic currents and random fluctuations. The stochastic component
accounts for biological noise, such as variability in ion channel opening or synaptic input, which

makes neuronal behaviour inherently probabilistic, @ksendal (2003).

dV(t) =C| —gx(V = Vi) —gna(V = Vyo) — 9. (V = V) + I(t) |dt + o dW,, (1.3.4)

where V' (f) membrane potential at time ¢, C' is the membrane capacitance, gy, gnq» 9y, 1S the
conductances of potassium, sodium, and leak channels, respectively, V., Vi, V7, 1s the corre-
sponding reversal potentials, I (¢) input current, o: intensity of stochastic fluctuations, W, is the
standard Wiener process representing random noise. The deterministic term models the classical
Hodgkin-Huxley dynamics, where ionic currents drive the evolution of the membrane poten-
tial. The stochastic term o dW, introduces randomness, capturing fluctuations due to synaptic
input variability or random ion channel behaviour. The stochastic Hodgkin-Huxley model is
widely used in computational neuroscience to simulate neuronal activity under realistic noisy

conditions, including synaptic inputs and channel noise.



1.3.4 Engineering

(Kushner and Dupuis (2001)) Control systems in engineering often face random disturbances

(e.g., sensor noise, wind gusts). Consider a stochastic linear control system :
dz, = (Az, + Bu,)dt + odW,, (1.3.5)

where x, represents the system state, A and B are matrices defining system dynamics and control
inputs, u, is the control input, o is the intensity of the noise, W, is a Wiener process. This SODE
describes the evolution of a system subject to both control inputs and random disturbances
(e.g., sensor noise or mechanical vibrations). It is used in robotics, signal processing, aerospace
control, and fault-tolerant systems to show the uncertainty in engineering systems and the need

for robust control strategies.

1.3.5 Biology

(Allen (2007)) In nature, population growth is affected by random environmental changes (e.g.,
temperature, food supply, disease), Allen (2003). The stochastic logistic growth SODE for
population P, is:

P
dP, =P, — L) dt+oP,dW,, (1.3.6)
t t K taVVy

where r is the growth rate, K is the carrying capacity of the environment, o is the intensity
of the environmental noise, W, is a Wiener process. This model accounts for environmental
fluctuations affecting population growth. It is used in ecology, epidemiology, and conservation

biology to illustrate ecological variability and stochastic effects on population dynamics.



1.3.6 Environmental Science

Daily temperature variations follow deterministic seasonal trends with random fluctuations
(weather noise). A stochastic climate model for temperature fluctuations 7, is described by

the following SODE, Qksendal (2003):

dT, = a(T,, — T,)dt + odW,, (1.3.7)

where « is a rate of mean reversion, T, is the equilibrium temperature, o is the noise strength,
W, 1s a Wiener process. The model is used in climate dynamics and energy demand forecasting
to clearly show the stochastic environmental dynamics, particularly mean-reverting processes

with noise.

1.3.7 Medicine

When a drug is administered, its concentration in the bloodstream fluctuates due to random

physiological differences among patients, Higham (2001).

dC, = —kC, dt + oC, dW,, (1.3.8)

where C, is the drug concentration in blood at time ¢, £ is the rate constant of elimination, o is the
variability coefficient, IV, is the standard Wiener process (Brownian motion). The deterministic
term —kC, dt models the drug elimination over time. The stochastic term oC, dW, represents
random variability in metabolism or absorption between patients. This SODE is used in clinical

pharmacology to predict drug concentration ranges and optimize dosing schedules.



1.4 Basic Concepts of Random Variables and Stochastic Processes

Stochastic calculus is concerned with the study of stochastic processes, which involve random-
ness or noise. A thorough understanding of random variables and probability theory is therefore
required. In this section, we recall some key definitions and concepts that will be relevant in
chapter 3 are presented.

1.4.1 Basic Definitions

Definition 1.3. (Burrage (1999))
A o-algebra F is a collection of subsets of a sample space € (the set of all possible outcomes

of a random experiment) such that:

(1) Qe F.

(2) If A € F, then its complement A° ={w e Q|w¢ A} € F.

(3) For any sequence {A,,}>°, C F, we have UZO:1 A, € F and ﬂzo:l A, e

The elements of F are called measurable sets, and the pair (0, F) is a measurable space.

Definition 1.4. probability measure (Burrage (1999). Oksendal (2003))

A probability measure Pon (), F) is a function P : F — [0, 1] such that:
(1) P(Q) =1,
(2) P(A) >0, forall Ac 7,

(3) For mutually disjoint sets A{, Ay, - € F,

P( ” An> - iP(An). (14.1)

n= n=1



Definition 1.5. probability space (Burrage (1999))
A probability space is a triple (2, F, P) consisting of a sample space §), a o-algebra F,

and a probability measure P.

Definition 1.6. (Qksendal (2003))

Let (2, F,P) be a probability space. A random variable is a measurable function
X:Q—-R
such that, for every real number x € R,
{lweQ: X(w)<z}e .

That is, the set of all outcomes w for which X (w) < x is an event in F. The expected value of
Xis
p=E[X] = /XdP, (1.4.2)
Q

provided the integral exists.

For a continuous random variable x € X, with density function f(x),

p=E[X]= /OO xf(x)dx. (1.4.3)

—0o0

Definition 1.7. (Oksendal (2003)))

The variance of a random variable X is
02 = Var(X) = E[(X — p)?] = E[X?] — p?, (1.4.4)

where u = E[X]. The standard deviation is o0 = /Var(X).

10



Definition 1.8. (Burrage (1999))

A random variable X is said to have a Gaussian distribution X ~ N (u, 0?) if its proba-

bility density is
1 (z —p)?
flz) = Wexp(—T>, —0 < r < o0, (1.4.5)

For =0, 02 = 1 is called the standard normal distribution.

1.4.2 Modes of Convergence of Random Variables

Let (2,7, P) be a probability space, and let {X, },-, be a sequence of random variables
defined on it. The sequence {X, },n = 1,2, is said to converge to a random variable X in
different modes of convergence depending on how the probability or expectation behaves as

n — OQ.

Definition 1.9. Almost sure convergence (Burrage (1999))
The sequence of random variable X, ,n = 1,2, --- is said to converge to a random variable

X That is, X,, — X as n — oo is almost sure convergent if

P({w cQ: lim X, (w) = X@)}) ~ 1. (1.4.6)

n—oo

Definition 1.10. Convergence in mean square (Burrage (1999))
The sequence of random variable X, ,n = 1,2, --- is said to converge to a random variable

X. Thatis, X,, — X as n — oo is mean square convergent if

lim E(|X, — X|?) =0. (1.4.7)

n—o0

Definition 1.11. Convergence in probability (Burrage (1999))

11



The sequence of random variable X,,,n = 1,2, .- is said to converge to a random variable

X. Thatis, X,, — X as n — oo is convergent in probability if, for every € > 0, the limit

lim P(|X, —X|>¢)=0 (1.4.8)

n—oo

holds.

Definition 1.12. Convergence in Distribution (Burrage (1999))
The sequence of random variable X, ,n = 1,2, - is said to converge in distribution to X,
written as X, N X, if

Fyx (z) — Fx(z)

for all x where the cumulative distribution function Fx (x) is continuous.

1.4.3 Basic Concepts of Stochastic Processes

A stochastic process is a family of random variables { X, },.; defined on a probability space
(Q, 5, P) with index set I C R. For each fixed ¢, X, is a random variable; for each fixed

w e Q, t i+ X,(w) is a sample path.

Definition 1.13. Wiener process, Oksendal (2003)

A Wiener process (or Brownian motion) {W, },~ is a stochastic process with the following

properties:

(1) Wy = 0 almost surely,

(2) It has independent increments,

(3) Wyip — W, ~N(0,h) for h >0,

(4) Paths are continuous but almost surely nowhere differentiable.
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Remark 1.2. Burrage (1999)

A standard Wiener process satisfies E[W,] = 0 and Var(W, — W) =t — s for0 < s < 't.

Definition 1.14. Burrage (1999)
The white noise process &, is formally defined as the generalized derivative of the Wiener

process.

¢,dt = dW,. (1.4.9)

1.4.4 Existence and Uniqueness of Solution of SODEs

The Stochastic Ordinary Differential Equations (1.1.1), defined on a complete probability space
(92, &, P) equipped with a filtration {7, },- , satisfying the usual conditions of right-continuity
and completeness, Kloeden and Platen (1992).

The coefficient functions f and g are assumed to satisfy the following conditions:
(1) Measurability: f = f(t,z) and g = g(t, x) are jointly L?-measurable in (¢, z)e[ty, T) x R.
(2) Lipschitz condition: 3 a constant £ > 0 such that, Vz, ye R,

[f(t2) = ft )l <klz—yl, and |g(t,z) —g(t,y)| <k |z —yl tefty, T]

(1.4.10)

(3) Linear Growth Bound: 3 a constant k& > 0, such that, Vx, yeR,

If(t.2)]? <k*(1+ ] = [?), and gt 2)]|* < K*(1+ [z [?),. (1.4.11)

(4) X, = Xjis A, -measurable with F(| X, |*) < oo where A* = A, :t > 0is the family
of o-algebra associated with the Wiener process and X (t) is A,-measurable. And it is said

to have a unique solution if for a specified initial value X (¢,).

13



Under the assumptions (1) -(4), there exists a unique, continuous, adapted process {Xt}te[tmT]
that satisfies the SODE (1.1.1) almost surely, Kloeden and Platen (1992) and Mao (1997).
That is, the SODE admits a unique strong solution, meaning that for a given initial condi-

tion X, there exists exactly one adapted process X, satisfying (1.1.2).

1.4.5 Stochastic Integrals

Let (2,5, P) be a probability space and let {W,,¢ > 0} be a standard Wiener process (or
Brownian motion). For a stochastic process { X, ¢ > 0} that is adapted to the filtration {7, },-

and satisfies the condition

T
E [/ X2 dt] < 0, (1.4.12)
0

the Itd stochastic integral of X, with respect to W, over the interval [0, T'] is defined, Robler
(2003) as:

n—1

/ TXt dW, = lim Y "X, (W, W, ), (1.4.13)
0

n—o0 4
1=0

where 0 = t, < t; < --- < t,, = T'is a partition of the interval [0, T'].
The It6 integral extends the concept of Riemann—Stieltjes integrals to stochastic processes

where the integrator W, has non-differentiable sample paths.

Definition 1.15. Stratonovich integral (Robler (2003))

The Stratonovich integral is defined over the interval |0, 1] as;

t n—1
/0 X odW, = lim ;XW;H (W, —W,). (1.4.14)

Remark 1.3. The relation between Ité and Stratonovich integrals can be expressed as

t t 1 t X
/XsodWS:/ Xdeer—/ O gs. (1.4.15)
0 | 2 ) oW,
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Theorem 1.1. [to Isometry, Oksendal (2003)
Let (Q2, 7, P) be a complete probability space equipped with a filtration {F , },~ satisfying
the usual conditions, and let {W, },-, denote an m-dimensional Wiener process. Suppose ¢(t)

is an R™* " -valued, square-integrable, and progressively measurable process such that

T
F /waﬁﬁ < 0. (1.4.16)
0

Then, the stochastic integral

T
%:/¢mﬁm (1.4.17)
0

is a well-defined R"™-valued random variable satisfying the Itoé Isometry:

E[ ]:E{/ﬂw@wd%. (14.18)
0

Let0=t, <t; <--<t, =TDbeapartition of [0, 7] and let

/0 Co(t)aw,

Proof

n—1

dtw) =D &lw) Iy, (1), (1.4.19)

k=0

where each ¢ is 7, -measurable and square-integrable. I is an Ito integral. The stochastic

integral with respect to an m-dimensional Wiener process W, is

T
/‘MwMWZE:@m@H—W%y (1.4.20)
0
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Compute the second moment:

2
[/ ¢ th ] - [ Wtk+1 tk:) ]
n—1
EE,? 17, ., — W, 7] (1.4.21)
k=0
+2 Y E[GW,, = W), W, =W, )]
0<i<j<n—1

By independence of non-overlapping Wiener increments and the fact that §; is 7, -measurable,

the cross terms vanish:

E[(&(W,,,, — Wti>7 Wy, — W, ) =0 fori<j. (1.4.22)

i1 41 j

Moreover, for each k,

ENlgI Wy, — Wy, IP] = E[IEIP) E[IW,, — W, 1] = E[I€6IP] (thn — ), (1.4.23)

when | - || denotes the Euclidean norm and W is m-dimensional . Thus

T
E
0

This completes the proof of the It6 isometry.

]:niﬂllékﬂz] <tk+l—tk>=ﬁ{/ H¢(t)||2dt} (1.4.24)
k=0 0

Lemma 1.1. [to Lemma ((Oksendal (2003))

Let (2, 7, P) be a complete probability space with a filtration {F , } -, satisfying the usual
conditions, and let {W} -, be a one-dimensional Wiener process. Let X, be an It6 process of
the form

dX, = p(t, X,) dt + o(t, X,) dW,, (1.4.25)
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where the coefficients | and o are such that a unique strong solution X, exists, and let [ €

C12(]0,T] x R) (once continuously differentiable in t and twice in x). Then the process Y, =

f(t, X,) is also an It6 process and satisfies

df(t, X,) = af(tX)dt+af(tX)dX+ 82f(t,Xt)(dXt)2

agf y aan 20 28f (1.4.26)
(atJra_MjL_% )(t,X)dt+a (t, Xy)o(t, X;) AWy,

where (dX,)? is interpreted in the Ité calculus sense (so that (dW,)? = dt, dt - dW, = 0 and

t2 =0).

Proof

Let0 =t, < t; < - <t, =T, be a partition of [0, 7] with mesh |II| = max, (¢, ; —

tk) — 0. Set Atk = tk+1 — tk’ AXk = th+1 — th, and write
Afy = f(tk+1vth+1) — f(ty, th)- (1.4.27)

Apply the two-variable Taylor expansion with remainder to f around (¢, X ¢ E

of of
Afp =5t Xy ) Aty + 2= (1, X, ) AX,

ot 2 O (1.4.28)
(1 X,,) (AX)? + Ry,
where the remainder I, contains higher-order terms:

in probability as |II| — 0, given the regularity of f and integrability properties of X. Summing

17



over k,

f(T7XT)_f(O7X0) =

3

L
Q3|Q3
*I=
3

L
(o5}

N
2|~

i
@)
il
o

(1.4.30)
Analyzing each term as the mesh goes to zero. The Riemann sum converges in probability (and

in L! under integrability assumptions) to the time integral:

of of
D 5t X, )8 — /06t<SX)d

Using the definition of the Ito integral (1.4.14) as the limit of Riemann sums with left-

endpoint evaluations (or progressively measurable approximations), gives:

0 0
S ot %, )85, = 32 P 0, X, ) (it X, ) A o1, X,)AW,) (1431)
k k

T
0 :
which splits into a Riemann sum converging to / a—f(s, X, )pu(s, X, )ds and the stochastic
x
0

T
0
Riemann sum converging in probability (and in L?) to the It6 integral / 8_f (s,X,)o(s, X)dW,.
x
0

Compute (AX,)2. From (1.4.25),

SO

AX,)? = o0%(t,, X, )(AW,)? + higher-order terms. (1.4.33)
k k k

Using the fundamental property of Wiener increments (AW, )? ~ At, (more precisely, (AW, )% —

18
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At;. — 0 in probability and sums of cross-terms vanish), yields:

10%f 1 [Toxf
Xk: 5 7oz (e X, J(AX)? — 5/0 53(5, X,)0% (s, X,) ds. (1.4.34)
Using regularity of f and the estimates for X that . R,, — 0 in probability (or in L') as

[TI]| — O.

Collecting the limits yields the Ito formula (1.4.27). This completes the proof.

1.5 Stochastic Ito-Taylor Series Expansion

The Taylor expansion is a classical tool for deterministic functions, especially in numerical
analysis. This concept extends naturally into the stochastic setting through the use of 1t6’s
formula. Following the work of Platen and Wagner (1982), the stochastic Taylor expansion, is
obtain which generalizes the deterministic Taylor series.

In deterministic numerical analysis, methods are often derived by matching the Taylor ex-
pansion of the method with that of the exact solution of the differential equation. The same
principle applies in the stochastic case, where stochastic Taylor expansion is employed. The
[t6-Taylor expansion was first introduced by Platen and Wagner (1982) and Kloeden and Platen
(1995). It provides a systematic expansion of X, (or functions of X,) around the initial condi-
tion X, in terms of multiple stochastic integrals and function evaluations.

The autonomous SODE (1.1.3) written in integral form as:

t t
Xt:XtO+/ f(XS)ds+/ g(X,)dW,. (1.5.1)
to t

0

Applying the stochastic chain rule (It6 formula) to a function F'(X,) and G(X,) yields:

t t
F(Xt)—F(XtO)z/ LOF(XS)der/ L,G(X,)dW,, (1.5.2)
t

0 tO
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where the operators L, and L, in the scalar case are defined as

1 d*F dG

5@92()(), LiG(X) = ——g(X).

dF
LF(X) = S f(X) + s

Substituting F' = fand G = ¢ in (1.5.2) and applying It6’s formula repeatedly gives the

stochastic Taylor expansion of X,:

t [ S S
X=X, + [ 160+ [ Lo [ Llf(Xu)qu] s
t t t

0o L 0 0

(1.5.3)

t s s
+ / g(X,) + / Log(X,) du + / ng<Xu>qu] awv,.
t t t

0o L 0 0

Remark 1.4. The (1.5.1)-(1.5.3) is presented for one-dimensional autonomous SODEs. Ex-
tending the construction to non-autonomous equations. Let X, be the solution of the SODE

(1.1.2) and let f € CY2([0,T] x R™, R). Applying It6’s formula to X, = f(t, X,), yields:

t t
Xt :Xto +/ LOf(SaXs)d8+/ ng<87Xs>dst
t t

0 0

where the operators are defined as:

_8 1232 B 0
Lo—aﬂLf'Vergg@, Ll_gax'
and
9
O0xq
o |7 (o o o\
N e o AR P
_0_
oz

By applying these operators recursively to f and g, one obtains higher-order terms and thus the
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1t6-Taylor expansion.

1.5.1 Multiple Stochastic Integrals and Multi-indices

To express the stochastic Taylor expansion in a concise way, one introduces the concept of
multiple Itd integrals. For an m-dimensional Wiener process W = (W1, ..., WW™) and a multi-

index a = (jy, Jo, -+, j ) With j, € {0,1,...,m}, define

t psp Sa . .
Ia,t :/ / / dell ---dWS]LL, (1.5.4)
0 0 0

where dW? := ds.

The set of all such multi-indices is denoted
M ={a=(j1,49,-,4r) : LeN,j, €{0,1,....m}} U{v}, (1.5.5)

with v being the empty multi-index of length 0. For a multi-index «, let L(«) denote its length,
and n(«) the number of zero components.
A set H C M is called a hierarchical set if it is nonempty, bounded in length, and closed

under removing the first element of o. The remainder set associated with H is
RH)={a€e M\H:—acH}.

Theorem 1.2. [t6-Taylor Expansion, Robler (2003)
Let H C M be a hierarchical set and let p, T be stopping times such that t, < p(w) <

T(w) < T < oo, P-a.s. For the solution (X, ),c; of the Ito SODE (1.1.2), one has

f(Tv XT) = Z Ia,p,T[fa(vap)] + Z Ia,p,q—[fa('?X~)]’ (1.5.6)

acH acR(H)
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provided that all derivatives of f and g, and all required multiple It6 integrals exist.

1.6 Stability of Stochastic Ordinary Differential Equations

Let X, be the solution to an SODE (1.1.1). The zero solution (or trivial solution) of the SODE
is the process

X, =0, forallt>0,

which satisfies the SODE whenever

f(t,00 =0 and g(¢,0) =0, forallt> 0.

Definition 1.16 (Stability in Probability). , Schurz (1999)
The zero solution X, is stable in probability, if for every € > 0 and § > 0, there exists

r=r(e,0) > 0 such that

|zo| < r  impliesPr{|X,| > e} <3d, Vt>1,.

Definition 1.17 (Asymptotic Stability in Probability). , Schurz (1999)
The zero solution X, is asymptotically stable in probability, if it is stable in probability and

additionally

tlim Pr{|X,| >¢} =0 (1.6.1)
—00

Sor any € > 0, whenever |x,| < r(e).

Definition 1.18 (Mean-Square Stability of the Exact Solution X (¢)). The equilibrium solution

X, = 0 (or more generally, an equilibrium point X, = X*) of the SODE is said to be mean-
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square stable if, for every ¢ > 0, there exists a 6 > 0 such that

E[|X,[]2] <&, Vt>0, (1.6.2)

whenever E[| X, |?] < 4. If, in addition,

: 21 _
lim E[|X,2] =0, (1.6.3)

then the equilibrium X, = 0 is said to be asymptotically mean-square stable.

Definition 1.19 (Mean-Square Stability of a Numerical Method X,)). Let X, be the numerical
approximation to the solution X (t) obtained by a time-stepping method with step size h > 0.
The method is said to be mean-square stable, if for the linear test equation (1.2.1), the numerical

solution satisfies

lim E[|X,[2] =0 (1.6.4)

n—oo

whenever the exact solution X (t) of the SODE satisfies (1.6.5). That is, the numerical scheme

preserves the mean-square stability property of the continuous SODE.
Remark 1.5.

(a) The mean-square stability condition can be analyzed using the linear test equation (1.2.1),

whose exact solution satisfies

E[1X,]%] = [Xo[? exp [(2(A) + |pf*)1]. (1.6.5)

Hence, the zero solution is mean-square stable if and only if

2R(A) + |uf2 < 0. (1.6.6)
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(b) For a numerical method, mean-square stability is characterized by the stability function

S(Ah, ') such that

E[| X, 1% = [SAR, uV/R)PE[| X, 2. (1.6.7)

The method is mean-square stable if

|S(Ah, upVh)| < 1. (1.6.8)

1.7 Numerical Methods for SODEs

Methods for approximating (1.1.1) are few, and the uncontrolled fluctuation occasion by the
Brownian motion that contribute to insolubility of solution of the system (1.1.1) via the analyt-
ical approach, hence there’s need for numerical methods.

Numerical methods thus form the backbone of both theoretical investigations and practical
applications involving stifft SODEs. Without dependable numerical solvers, modelers cannot
simulate trajectories accurately, analyze parameter sensitivities, or optimize controls. Further-
more, numerical approximations enable the estimation of statistical properties, such as expec-
tation, variance, or hitting times, which are crucial for interpreting stochastic models.

The complexity of the system (1.1.1) can be heightened with the phenomenon called stiff-
ness, that happens when the transcient solution component decay at different time scale.

Moreover, the increasing prominence of large-scale stochastic simulations in finance, biol-
ogy, and engineering necessitates efficient integration schemes that balance accuracy, stability,
and computational cost. Hybrid and adaptive techniques extend the toolset but also amplify
implementation complexity. Thus, tailored numerical methods designed explicitly for stiff

stochastic problems are indispensable in environments where multidisciplinary demands and
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scale converge, Shampine and Reichelt(1979).

Numerical integration of stochastic differential equations has traditionally followed two
principal paradigms: one-step and multi-step methods. Both have been extensively studied
and generalized from deterministic ODEs to SODEs, with varied success in overcoming the

challenges posed by stiftness and stochasticity.

1.7.1 One-Step method for SODEs

One-step methods calculate the solution at the next time step using information exclusively from
the current or immediately preceding step Kloeden and Platen (1992). A discrete-time process
{X,,} >0 is called a one-step numerical method for the stochastic differential equation (1.1.1),

if there exists a measurable mapping

®:RTx R, x R™ — R?

such that

X, =®(X,, h,AW,), X, =z, (1.7.1)

where AW, = W (t, ;) — W(t,,) represents the Wiener process increment over the interval

[tna tn+l]'

The (1.7.1) is said to be consistent if

E|X,.1 —X(t, )] =0 ash—0, (1.7.2)

and strongly convergent of order v > 0 if

(E|X(t,) — X, *)""* = 0(h7). (1.7.3)
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Definition 1.20. (Strong Convergence)
A numerical approximation X,, to the solution X (t,,) of SODE (1.1.1) is said to converge

strongly with order v > 0 if, Kloeden and Platen (1992)

(E1X(t,) — X,[2]) " < Cw, (1.7.4)

for step size h — 0, where C' > 0 is independent of h.

Definition 1.21. (Weak Convergence)
A numerical method to SODE (1.1.1) is said to converge weakly with order [ if for any

sufficiently smooth test function ¢, Kloeden and Platen (1992)

[E[p(X ()] — Elp(X,,)]| < Ch7. (1.7.5)

1.7.1.1 Euler—Maruyama Method

The Euler-Maruyama method which is an extension of the popular classical Euler method is the

simplest and most widely used one-step scheme:

where AW,, = W(t,,,,) — W(t,,) and h is the step-size. It converges strongly with order 0.5

under global Lipschitz conditions (Kloeden and Platen (1992)).
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1.7.1.2  Milstein Method

To improve accuracy of (1.7.6), the Milstein method includes a correction term involving the

derivative of g:
X1 = X, + f(X)h+ 9(X) AW, + 59(X,)g' (X)) (AW,)? — h). (1.7.7)

This method achieves strong order 1.0 convergence (Milstein (1975).

1.7.1.3 Runge-Kutta-Type Methods

Runge-Kutta schemes extend deterministic Runge Kutta methods to SODEs. A general s-stage

stochastic Runge-Kutta method can be written as

X1 = Xy + Z a; f(X;)h + Z Big(X;) AW, (1.7.8)
=1 i=1

X, =X, + > ayf(Xph+ > bg(X)AW,, i=1,..s (1.7.9)
j=1 i=1

These methods can be tailored for weak or strong convergence (Burrage et al (2003), Debrabant

et al (2022)).

1.7.2 Linear Multistep Methods (LMM)

Linear Multistep Method (LMM) is a class of Numerical method for integrating Initial Value

Problems (IVPs) in Ordinary Differential Equations (ODEs) given as:

p(E)X, = ho(E)f,, (1.7.10)

n
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where p(E) and o(F) and h are the first, second characteristic polynomials and steplength
respectively. p(E) = ijo o B, o(E) = Zj:O B;E7, and E is the shift operator and k the

step number.

A subclass of (1.7.10) is LMM whose first characteristics polynomial is:
p(E) = o, EF — o, EF 1L (1.7.11)

The class of method whose p(F) is in the form (1.7.11) is called Adams-Type method.
The polynomial p(E) in (1.7.11) has all its roots in the unit disk and the root unit is the
multiplicity one , hence Adams type method is zero stable apriori. The Second Derivative

Adams Type method is of the form:

p(E)X, = ho(E)f, + h?0(E)G (1.7.12)

n’

where G = & f(X(t)), ¢’ = Lg(X(t)), 0(E) is the third characteristic polynomial given as:

WE) =5 0,5

1.7.3 Stochastic Linear Multistep Methods (SLMM)

A stochastic linear multistep method (SLMM) extends the concept of deterministic linear
multistep methods (1.7.10) to the numerical approximation of Stochastic Ordinary Differen-
tial Equations (SODEs) of the form (1.1.1).

The general k-step stochastic linear multistep method is expressed as

k k k
Yo aiXu = hY Bt X))+ D9t Xy ) AW,y (17.13)
j=0

=0 =1

where the coefficients «;, 5;, and ~y; are real constants, and / is the time step size, oy, = 1,
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without loss of generality. The initial values
Xo, X1,y X q € L2(Q,R™)

are assumed to be F, -measurable random variables for n = 0,1,...,k — 1 Buckwar and

Winkler (2007). The SLMM to the autonomous SODE (1.1.3) becomes

k k k
Z ann+j =h Z 6an+j + Z ’VJ gn+j—1 AWn—l—j—lv (1714)
=0 J=1

J=0 J
This is the standard form of the stochastic linear multistep method used to approximate the

solution of autonomous It6 SDEs, Buckwar and Winkler (2007).

1.7.4 Classification SLMM

The SLMM is classified into explicit and implicit depending on whether the new approximation
X,, (or equivalently X ;) appears on the right-hand side of the method.
Explicit SLMM: The method is called explicit if the coefficients 3; and ~y; associated with

the current step (j = 0) vanish, that is.

5():07 ,YOZO

In this case, the computation of X, ; involves only previously knownvalues X, , X, _;,..., X, _, 4.

An example is the stochastic Adams—Bashforth method.:

Xn+1 = Xn + hf(Xn) + g(Xn)AW

n

(1.7.15)

which corresponds to the explicit Euler-Maruyama scheme Kloeden and Platen (1992).
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Implicit SLMM: The method is called implicit if 3, or -y, is nonzero, that is.

By #0 or v, #0.

In this case, X, | appears on both sides of the formula and must be determined implicitly. A

common example is the stochastic Adams—Moulton method:

Xn—i—l = Xn + hf(Xn+l> + g(Xn+l)Aan (1716)

which requires solving a nonlinear equation for X, ; at each step (Higham, 2001).
The coefficients {c; ?:0, {ﬁj}?zo, and {v; ?:0 determine the order and stability of the

SLMM. They are chosen to ensure:
1. Consistency with the stochastic Taylor expansion of the exact solution;
2. Mean-square stability for stiff systems;
3. Desired order of strong convergence ~ (typically v = 0.5 or 1.0).

In the analysis of stochastic numerical schemes, particularly stochastic linear multistep
methods (SLMMs), it is essential to examine the different sources of error that influence the
accuracy and stability of the computed solution. The main sources of numerical error are the

local truncation error and the global error. Each of these is defined and discussed below.

Definition 1.22. : Local Error, (Kloeden and Platen (1992), Higham (2001), Burrage et al.
(2003).)
The local error (or local truncation error) of an SLMM measures the deviation made during

a single time step, assuming all previous values are exact. For the SODE (1.1.1), and a discrete
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numerical scheme of the general form:

U(X,, X, 1 s X, . h, AW,) =0, (1.7.17)

the local error at time t,, , | is defined as;

Tpi1 = E %(X(tnﬂ) —U(X(t,), X(tp_1), s X(ty_p) by AW,)) | . (1.7.18)

This quantity represents how well the method reproduces the exact solution over a single step.

For a method of strong order p, the local mean-square error satisfies

/2

(E[X (tpyr) — Xnia2]) " = O(hP*2). (1.7.19)

An SLMM is said to be consistent if the local error tends to zero as h — 0.
As an example, the Euler—Maruyama method has a local mean-square error of order O (h3/ 2),

corresponding to a global strong order of O(h).

Definition 1.23. : Global Error, (Kloeden and Platen (1992), Mao (1997), Higham (2001).
The global error at time t, quantifies the total accumulated deviation between the true

solution X (t,,) and the numerical approximation X, :

1/2

e, = (E[|X(t,) — X, |2]) (1.7.20)

This error accounts for the combined effects of the local truncation errors and their propagation
through successive steps of the numerical scheme.

If the SLMM is stable and the local error is of order (9(hp+% ), then the global mean-square
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error satisfies

(E[|X(t,) — X, [2])"* = O(h?), (1.7.21)

where p is the strong order of convergence.

Definition 1.24. Robler (2003)
A process (X,),c; with values in R? is called a strong solution of the SODE (1.1.1) with

respect to a fixed Wiener process (W), and initial value X, if the following conditions are

satisfied.:
(a) X, is adapted to the filtration (F ;) ,c;.

(b) The sample paths of X, are continuous almost surely.

(c) For the multidimensional case, it holds that for all v+ = 1,2,....d, 7 = 1,2,....,m, and

tel

t
/ (|f(s,Xs)|2 + ||g(s,XS)||2> ds < oo, almost surely.
0

(d) With probability 1, X, satisfies the stochastic integral equation (1.4.14)

Definition 1.25. :Absolute Error (AE) (Sauer (2012))
The absolute error (AE) measures the direct difference between the numerical approxima-
tion and the exact value at a specific time.

If X(T) is the exact solution at final time T, and X y is the numerical approximation,
Absolute Error = | X(T) — X 5|

Definition 1.26. : Pathwise Error (PE) (Milstein and Tretyakov (2004))
The pathwise error (PE) refers to the difference between the numerical and exact solution

along individual sample paths.
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For each realization of Brownian motion (each path), the error is:

Pathwise Error = sup |X(t,,w) — X, (w)].

0<n<N

This emphasizes sample-wise convergence, rather than in expectation.

Definition 1.27. : Global Mean Square Error (GMSE) (Kloeden and Platen (1992))
The global mean square error (GMSE) is the root-mean-square error accumulated over the

interval [0, T]. Let X (t,,) be the exact solution and X,, the numerical solution. Then,

Global Mean Square Error = (E (| X (¢,,) — Xn|2))1/2 :

If this converges like O(hY), then +y is the strong order:

Definition 1.28. - Strong Error (SE) (Higham (2001))
The strong error(SE) measures how well the numerical method approximates the exact so-

lution in a pathwise (sample-wise) sense, averaged over all paths.

Strong Error = (E (| X(T) — XnIP)Y?,  commonly with p = 2.

This quantifies how closely the numerical path follows the true stochastic path.

Definition 1.29. : Mean Square Error (MSE)(Milstein and Tretyakov (2004))
The mean square error (MSE) (in the context of SODEs) is a specific case of strong error

where p = 2.

Mean Square Error = E (| X(T) — X x|?) .

Its square root is the global mean square error. It measures expected squared distance between

exact and numerical solutions.

33



Definition 1.30. :Relative Mean Square Error (RMSE) (Higham (2001))
The Relative Mean Square Error (RMSE) divides the MSE by the mean square norm of the
exact solution, giving a scale-independent measure:

RMSE = —E1X )

(1.7.22)

1.7.5 Numerical Stability of SLMM

In the numerical analysis of Stochastic Ordinary Differential Equations (SODEs), the concept
of stability plays a fundamental role in determining whether a multistep method can produce a

stable sequence of approximations when the step size tends to zero.

Definition 1.31 (Zero-Stability of a Numerical Method for SODEs). Consider a k-step stochas-

tic linear multistep method (SLMM) of the form

k k k
oY, =0 BV )+ D eV, AW, (1.7.23)
7=0 =0

where h is the step size, AW, _, = W, — th_j, and Y, is the numerical approximation

to the true solution X (t,,) of the SODE.

The method is said to be zero-stable if small perturbations in the initial data or round-off

errors do not cause the numerical solution to diverge as n — oo when h — 0.

Definition 1.32 (Root Condition for Zero-Stability). Let the coefficients o in (1.7.23) de-
fine the first characteristic polynomial p(&) = ay&* + a €81 + - + . The stochastic
linear multistep method is zero-stable if and only if all roots &; of p(§) = 0 satisfy |§;| <
1, and any root with |§;| = 1 is simple.

This condition ensures that perturbations or random fluctuations do not grow uncontrollably

in successive steps of the numerical solution.
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Remark 1.6.

1. Zero-stability ensures that the numerical method reacts mildly to small perturbations,

such as local truncation errors and stochastic fluctuations.

2. It is a necessary condition for the convergence of any consistent stochastic multistep

method.

3. For stochastic Runge—Kutta or one-step methods, zero-stability is automatically satisfied

since each step depends only on the immediately preceding value.

Definition 1.33 (Mean-Square A-Stability). A numerical method applied to the linear stochas-

tic test equation (1.2.1) is said to be mean-square A-stable if the numerical approximation

{ X, } o satisfies

lim E[|X,,|*] =0, for all step sizes h > 0, (1.7.24)

n—oo

whenever the exact solution also decays in the mean-square sense, i.e.,
2R(N) + |u|? < 0. (1.7.25)
Equivalently, if the amplification factor R(h, A, i) of the scheme satisfies
E[|R(h, A\, p))?] < 1, Vh >0, whenever 2R(\) + |u|? < 0. (1.7.26)

Lemma 1.2 (Arnold (1974); Hasminskii (1980); Mao (1997); Buckwar and Sickenberger (2011)).

The equilibrium solution of (1.2.1) is globally asymptotically mean-square stable if and only if

R+ 2D |l <o. (1.7.27)
j=1
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1.8 Numerical Methods for Stiff SODEs

Stiff stochastic differential equations (SODEs) arise in various applications such as chemical
kinetics, control theory, finance, and biological systems, where the system exhibits both slow
and fast dynamics. The presence of stiffness often leads to numerical instability when using ex-
plicit methods unless an extremely small step size is adopted. Therefore, specialized numerical
schemes are required to efficiently approximate the solution of stiff SODE:s.

According to Schurz (1999) and Saito (1996), stiffness in SODEs is characterized by the
rapid decay of some components of the solution or by widely separated eigenvalues in the drift
term. The test equation (1.2.1) is said to be stiff if Re(\) < « for a0 (i.e., the drift term is
strongly dissipative), such that the deterministic part decays rapidly, making explicit methods
unstable for practical step sizes.

To overcome this, several implicit and semi-implicit schemes have been developed to ap-

proximate stifft SODEs while maintaining stability and computational efficiency.

1.8.1 Implicit Euler-Maruyama Method

The implicit Euler—Maruyama method is one of the most commonly used methods for stiff
SODEs. It is given by

Xn+1 = Xn + hf<Xn+1) + g(Xn>AW

n?’

(1.8.1)

where /o is the step size and AW,, =W, —W, .
Unlike the explicit Euler-Maruyama method, where f(Y),,) is used, this implicit form eval-
uates the drift term at the unknown point X, . ;. This approach improves numerical stability for

stiff systems.

For the linear test equation (1.2.1), the implicit Euler—Maruyama scheme satisfies the mean-
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square stability condition

for all step sizes h > 0 if Re(A) < 0. This property makes it suitable for stiff SODEs, Higham

(2001), Schurz (1999), Saito (1996).

1.8.2 Implicit Milstein Method

The implicit Milstein method is an extension of the classical Milstein scheme, designed to en-
hance stability when approximating stiff SODEs. It modifies the drift term to be evaluated
implicitly, thereby allowing larger time steps without numerical instability. The scheme is ex-

pressed as

Xn+1 = Xn + hf<Xn+1> + g(Xn>AWn + %g(Xn)g/(Xn) ((AWTL)2 - h) ) (183)

where /i denotes the step size and AW, =W, —W, .

The implicit Milstein method maintains a strong order of convergence equal to one in the
mean-square sense. It also provides improved accuracy for systems with multiplicative noise
compared to the implicit Euler-Maruyama scheme. However, the method requires solving non-
linear systems at each time step when the drift term is nonlinear, thereby increasing computa-
tional cost.

In summary, the implicit Milstein method offers a reliable and stable numerical approach
for solving stiff SDEs, balancing stability and accuracy at the expense of higher computational

effort.
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1.8.3 Semi-Implicit (Split-Step) Methods

Semi-implicit or split-step methods combine explicit and implicit components to achieve both

stability and computational efficiency. A general form is

X1 =X, +hf(X,,1), (1.8.4)

(1.8.5)

n:

Xn+l = Xn—l—% + g<Xn+%>AW

The drift term is treated implicitly while the diffusion term remains explicit.
Split-step methods maintain strong stability for stiff drift terms while avoiding fully implicit
nonlinear solves. They are widely applied in stiff SODEs with multiplicative noise, Mao and

Szpruch (2013); Schurz (1999).

1.8.4 Backward Differentiation Formula (BDF) Methods

Backward Differentiation Formula (BDF) methods are multistep implicit schemes that are suit-
able for stiff deterministic and stochastic systems. A k-step stochastic BDF method has the

form
k

k
Z ann—j = hﬁof(Xn) + nyjg(Xn—j)AWn—j' (186)
=0 =0
These methods are particularly effective when the deterministic part dominates the stochastic
term.

BDF methods can achieve A-stability or A-mean-square stability depending on the choice

of coefficients a; and 3, Buckwar and Winkler (2007); Schurz (1999); Tang and Xiong (2018)..
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1.8.5 Stochastic Theta Method

The stochastic #-method is a one-parameter family of methods that bridges the gap between

explicit and implicit schemes. It is defined as

where 6 € [0, 1].

6 = 0 gives the explicit Euler—-Maruyama method. § = 1 gives the fully implicit Euler—
Maruyama method. 6§ = % gives the semi-implicit Crank—Nicolson scheme.

The method is mean-square A-stable for 6 > %, making it appropriate for stiff problems,

Higham (2001); Saito (1996); Mao (2015).

1.8.6 Stochastic Runge—Kutta Methods for Stiff SODEs

Implicit and diagonally implicit Runge-Kutta (DIRK) schemes have been extended to SODEs to
handle stiffness efficiently. A general implicit stochastic Runge-Kutta (SRK) method is written

as

i=1 =1
Xpo= X+ hY a0 l(X,5) + D big(X,, ) AW, ;. (18.9)
Jj=1 j=1

These methods achieve higher order accuracy and strong mean-square stability for stiff SODEs

when a;; and b;; are chosen to satisfy certain implicit stability conditions, Li et al. (2023).
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1.8.7 Adams-Type Method

The numerical method is classified as an Adams-type method because it is derived from the
fundamental idea of the Adams family of linear multistep methods. In Adams-type methods,
the numerical approximation of the solution is obtained by integrating the differential equation
over a time interval and approximating the integral using previously computed values of the
drift function and, where applicable, its derivatives.

For a general ordinary differential equation (ODE)
dX(t) = f(t, X(1), X(ty) = X, (1.8.10)
the exact solution can be written in the integral form

t7l+1
X, =X, +/ F(t, X () dt. (1.8.11)
t

n

Adams-type methods approximate this integral by interpolating the function f(¢, X(t)) using
known past values f,,, f,,_1, ... fr_ri1-
Depending on whether the interpolation involves only past points or includes the future

point ¢, ,, the method can be either:

* Explicit Adams-type (Adams—Bashforth):

k—1
XnJrk = XnJrkfl + hZﬁjfnJrj- (1812)
j=0

J

* Implicit Adams-type (Adams—Moulton):

k
Xoin=Xpk 1 ThY_Bifuis (1.8.13)
7=0
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The second derivative Adams-type method extends this concept by incorporating deriva-
tive information of the drift term to enhance accuracy and stability, particularly for stiff prob-

lems. The general form of such a method is given by

k—1 k—1
X1 =X+ Y Bifu 12> 60,1, (1.8.14)
=0 7=0

where f'(t,X) = f,(t, X) + fx(t, X)f(t, X) represents the total derivative of f with respect
to time.
When extended to the stochastic case, yields SODE (1.1.1) the Adams-type stochastic scheme

takes the form

k k k
Xp1 =X+ 1S Bifu T 020,00+ S 00 AW, . (1.8.15)
=0 =0 =0

This form maintains the Adams framework by integrating both drift and diffusion terms using

previously computed information. The implicit form of (1.8.15) is,

k k k
Xnpr =X, +h Z Bifnr1-j+ h? Z 0ifnij+ Z’ngnJrlfjAanj' (1.8.16)
=0 =0 =0

J J J

Properties of Adams-Type Methods

Adams-type methods, including their second derivative and stochastic variants, possess the

following properties:

(a) Multistep nature: They depend on multiple past approximations (X,,, X,, 1, ..., X,,_r11)»

rather than a single step.

(b) Predictor—corrector formulation: The explicit (Adams—Bashforth) and implicit (Adams—Moul-

ton) variants can be combined to form predictor—corrector pairs for improved accuracy.
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(c) Higher-order accuracy: Inclusion of derivative terms (e.g., second derivative or total

derivative of f) increases the local truncation order.

(d) Stability improvement: Second derivative terms enhance the stability region, making the

method more suitable for stiff systems.

(e) Consistency and zero-stability: Adams-type schemes satisfy the standard linear multistep

method conditions for consistency and zero-stability.

(f) Extension to stochastic systems: By including the diffusion term g(¢, X, ) and its Wiener
increment AW,, the Adams framework naturally extends to Stochastic Ordinary Differen-

tial Equations.

(g) Adaptability: The coefficients 3,,6;,~, can be tuned to achieve desired strong or weak

convergence orders.

1.9 Statement of the problem

Stochastic differential equations (SODEs) are widely used to model systems that are subject to
random perturbations, with applications in physics, biology, finance, and engineering. Many
such systems are stiff, meaning that their solutions evolve on widely separated time scales.
Stiffness poses a major difficulty in numerical approximation, since explicit schemes require
prohibitively small time steps to maintain stability, making them computationally inefficient
(Schurz (1999), Higham (2000)).
Although several numerical approaches for SODE:s exist, including Milstein-type and stochas-

tic Runge—Kutta methods (Kloeden and Platen (1992)), they are often either of low order, un-
stable in stiff regimes, or computationally expensive when implicit formulations are employed.

Furthermore, while deterministic multistep methods are well understood in terms of accuracy
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and stability, their stochastic counterparts are not yet fully developed for stiff problems (Buck-
war and Winkler (2007)).

This situation highlights a gap in the literature, the need to construct and analyze high-
order, mean-square stable methods that can efficiently approximate stift SODEs while ensuring

accuracy.

1.10 Aim and Objectives

The aim of this study are to develop families of numerical methods for approximating stiff
Stochastic Ordinary Differential Equations.

The following are the objectives of the study:

1. derive high-order numerical methods for integrating stiff SODEs.

2. determine the order of accuracy of the methods.

3. derive mean-square stable methods.

1.11 Motivation of study

The numerical approximation of stiff Stochastic Ordinary Differential Equations (SODEs) re-
mains a central challenge in stochastic numerical analysis. Stiffness arises in systems involv-
ing multiple time scales, where rapidly decaying modes force explicit methods to employ pro-
hibitively small step sizes for stability. Such restrictions render standard schemes such as the
Euler—-Maruyama method inefficient in practice (Schurz (1999), Buckwar and Winkler (2007),
Higham (2000)).

The need for stable and accurate numerical methods is evident in applications such as

chemical reaction networks, population dynamics under uncertainty, financial mathematics, and

43



stochastic control problems. In these settings, higher-order accuracy and stability are crucial for
obtaining reliable approximations without excessive computational cost.

Although methods such as stochastic Runge—Kutta and Milstein-type schemes have been
widely studied for non-stiff systems (Kloeden and Platen (1992)), their direct application to
stiff SODEs often suffers from instability or inefficiency. This motivates the development of
families of numerical methods specifically tailored for stiff SODEs that are mean-square stable,

A-stable methods and rigorously analyze their accuracy and stability properties.

1.12 Limitations of the Study

Some limitations are recognized:

1. Scope of Models: The analysis is restricted to Ito-type SODEs with Lipschitz continuous
drift and diffusion coefficients. Extensions to non-globally Lipschitz systems or rough

path frameworks remain outside the scope.

2. Class of Methods: The study emphasizes Adams-type families of methods. Other nu-
merical approaches, such as adaptive stochastic Runge—Kutta or exponential integrators,

are not treated in depth.

3. Test Equations: Stability analysis is based on linear test equations.

4. Computational Experiments: Numerical experiments are limited to low- and moderate-
dimensional examples. Large-scale or high-dimensional stiff systems are not addressed

due to computational constraints.

1.13 Summary

Stiff SODEs are central to modeling systems with multiple time scales and randomness. One-
step methods are simple but face stability limits, while multi-step and second derivative Adams
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type schemes offer better stability and accuracy potential. Significant gaps remain in theory,
computation, and software, motivating the research in this thesis.

This thesis is organized into five chapters. Chapter One covers General introduction of
where the problem exist in real life, need for numerical methods, one step and multistep, gaps
identified statement of problem, Aim and objectives, limitation of study, basic definitions of
terms, and illustrative examples from stochastic calculus, the theory of SODEs, linear multi-
step methods, and the stochastic Ito-Taylor expansion, all of which are included to provide the
necessary theoretical background.

Chapter two covers Review of literature in a chronological ordering, Linear multistep method
for SODEs, Second derivative LMM some types of stochastic linear multi-step Maruyama
methods (SLMMM’s) for solving SODE:s are studied and derived analytically.

Chapter three covers, Derivation of methods, order and stability analysis of the methods,
proposition and theorems.

Chapter four covers, Numerical experiment, Description of test problems, description of
existing method for comparison, Discussion of results.

Chapter five covers, Findings, contribution to knowledge, area of future research, summary.
Finally, the computer programs used in this thesis are coded in MATHEMATICA 11.1 computer

software.
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CHAPTER TWO

Literature Review

2.1 Introduction

The development of numerical schemes for SODE has a direct bearing from existing methods
for numerical integration of [IVPs in ODEs. This chapter reviews the evolution and advancement
of numerical schemes for SODE with a cursory look at possible upgrade via the frontier of higher

derivative scheme for IVPs in ODEs.

2.2 One-Step Methods

One-step methods for the treatment of SODE (1.1.1) has over the years advanced and still enjoys
research attention. Historically, Euler Maruyama method, developed in Maruyama (1955) is
one of the foremost method for the integration of SODE (1.1.1).

In Kloeden and Platen (1992), the convergence theory of Euler Maruyama method, proving
that under global Lipschitz conditions was carried out. Euler-Maruyama achieves strong order
0.5 and weak order 1. The stochastic Taylor expansion framework revealed why higher accuracy
required more sophisticated approaches.

In Schurz (1999), stability, stationarity, and boundedness of numerical methods for stiff
Stochastic Ordinary Differential Equations (SODEs) was investigated, focusing on whether dis-
crete approximations preserve qualitative properties of the exact solutions. This was achieved

by analyzing implicit and semi-implicit numerical schemes, including linear multistep and
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Runge-Kutta methods, and deriving conditions under which these methods maintain mean-
square stability and boundedness for stiff SODEs. The study demonstrated that implicit meth-
ods generally provide superior stability compared to explicit schemes, especially for stiff sys-
tems, while also highlighting the role of stepsize restrictions. A limitation is that the analysis
primarily covers specific classes of stiff SODEs, and the applicability to highly nonlinear or
high-dimensional problems may require further adjustments.

In Higham (2000), a systematic framework for translating deterministic stability theory into
the stochastic domain was provided. The analysis unifies mean-square and asymptotic stability
theory for SODEs and gives practical criteria for stability in numerical simulations. However,
the reliance on linearization, real parameters, and numerical estimation limits its direct appli-
cation to highly nonlinear or high-dimensional stochastic systems.

In Hutzenthaler et al. (2011), it was exposed that a more fundamental limitation for SODEs
with superlinearly growing coefficients, even implicit Euler-Maruyama could diverge in strong
and weak senses. This result demonstrated that standard discretizations could fail catastrophi-
cally for physically relevant systems.

In Mao (2015), the truncated Euler-Maruyama scheme, which bounded coefficients outside
a growing domain was developed. This method restored moment bounds and strong conver-
gence for SODEs with non-globally Lipschitz coefficients, demonstrating that careful coeffi-
cient modification could overcome stability issues.

In Ukuedojor et al. (2023), Euler—Maruyama method was extended to the domain of un-
certain stochastic systems, providing a useful link between stochastic and uncertain modeling
under the framework of chance theory. However, the method’s low-order accuracy, absence
of theoretical stability analysis, and limited numerical validation restrict its effectiveness when
applied to complex or stiff uncertain stochastic systems.

In Dai and Wang (2023), adaptive Euler-Maruyama methods with step-size control strate-
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gies that adapted to local behavior of drift and diffusion terms was developed. While improving
efficiency, the computational cost of adaptivity could offset gains for large-scale systems.

In He et al. (2024), explicit Euler methods for McKean-Vlasov SODEs driven by frac-
tional Brownian motion was developed, addressing memory effects in the noise process. The
method maintained convergence while allowing larger step sizes, though efficiency decreased
for certain Hurst parameter values.

In Haghighi (2023), partially truncated Euler-Maruyama for SODEs with super-linear piece-
wise continuous drift and Holder diffusion coefficients was introduced. This method addressed
divergence problems while maintaining accuracy for smooth problems where truncation wasn’t
necessary.

The Euler-Maruyama method’s journey demonstrates a clear evolutionary pattern. Each
improvement addressed specific limitations while introducing new challenges. From basic dis-
cretization to stability enhancements to handling non-standard conditions, this development
path created the foundation for higher-order methods while highlighting the fundamental trade-
offs between accuracy, stability, and computational efficiency that persist in contemporary
SODE numerical analysis.

In Milstein (1974), the ground breaking insight that including the derivative of the diffusion
coefficient could dramatically improve accuracy was introduced. This method achieved strong
order 1.0, doubling the convergence rate of Euler-Maruyama by capturing the essential second-
order stochastic term missing in simpler discretizations.

In Gaines and Lyons (1994), the method efficiently simulate SODEs by introducing a vari-
able step-size method to improve computational performance over traditional fixed-step schemes.
The method enabled adaptive refinement and coarsening of time steps while maintaining the
pathwise consistency of Brownian motion, leading to more accurate and efficient simulations.

The method successfully demonstrated how adaptive step control could balance accuracy and
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cost in stochastic integration. However, it was limited to non-stiff, low-dimensional SODEs,
lacked rigorous theoretical convergence analysis, and involved complex implementation due to
the handling of Brownian increments.

In Wiktorsson (2001) developed practical simulation methods for these iterated integrals,
making Milstein-type schemes more feasible for moderate-dimensional problems. However,
the computational complexity grew quadratically with noise dimension, limiting practical ap-
plication to low-dimensional systems.

Kruse (2019) developed drift-randomized Milstein methods that exploited random quadra-
ture to improve convergence with non-smooth drift coefficients. This approach demonstrated
that randomization techniques could extend the applicability of higher-order methods beyond
classical smoothness assumptions.

In Mrungowius (2021), new simulation approaches that significantly reduced computational
overhead for iterated integrals was introduced. These developments made Milstein and related
methods increasingly feasible for multidimensional problems, though implementation complex-
ity remained substantial compared to Euler-type methods.

In Liu et al. (2023), Milstein-type schemes for highly nonlinear non-autonomous time-
changed SODEs was developed, proving strong convergence for drift terms with superlinear
growth under Holder continuity conditions. This extension broadened applicability but intro-
duced restrictive regularity requirements.

In Huang (2023), a modified Milstein schemes for fractional diffusions driven by frac-
tional Brownian motion was proposed, achieving optimal convergence rates through rough path
theory. The method’s efficiency decreased as the Hurst parameter approached critical values,
demonstrating context-dependent performance.

In, Zhang et al. (2023), an adaptive time-stepping Milstein methods for SODEs with piece-

wise continuous arguments was developed, demonstrating strong L,, convergence while im-
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proving stability under superlinear growth conditions. The adaptive strategy increased imple-
mentation complexity but provided better stability control.

In Wu and Yan (2025), Milstein schemes for stochastic semilinear subdiffusion equations
was analyzed, combining finite element spatial discretization with Milstein time stepping. The
method achieved higher temporal accuracy than Euler schemes but required smooth noise and
substantial computational resources.

In Lateef et al. (2025), antithetic multilevel Monte Carlo Milstein schemes for SPDEs with
non-commutative noise was introduced, achieving improved efficiency through variance reduc-
tion techniques. The method’s complexity and truncation-induced bias limited application to
high-dimensional problems.

The Milstein method’s development illustrates a classic pattern in numerical analysis, achiev-
ing higher accuracy requires confronting exponentially increasing computational complexity.
While the method fundamentally improved upon Euler-Maruyama’s accuracy limitations, its
practical implementation challenges—particularly for multi-dimensional systems—motivated
the development of Runge-Kutta approaches that could achieve similar accuracy without deriva-
tive calculations.

The development of Stochastic Runge-Kutta (SRK) methods represented a pivotal evolu-
tion in SODE numerical analysis, addressing the computational bottlenecks of Milstein-type
methods while maintaining higher-order accuracy through multi-stage formulations.

Kloeden and Platen (1992) established the foundational framework for SRK methods, demon-
strating how deterministic Runge-Kutta techniques could be integrated with stochastic calculus.
Their work showed that carefully designed multi-stage methods could achieve weak order two
without requiring explicit derivative calculations, thus overcoming a major limitation of Mil-
stein schemes.

In Burrage and Burrage (1999), high-strong-order numerical methods for SODEs was con-
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structed, particularly for non-commutative multiple Wiener processes where standard methods
fail. The method incorporate commutator terms, allowing strong convergence order up to 1.5 for
general SODEs. The methods significantly improve accuracy compared to traditional explicit
schemes of order 0.5. However, the approach is limited by increased computational complexity,
additional stochastic integrals, and practical implementation challenges in non-commutative or
large-scale systems.

In RoBler (2006), stochastic Runge—Kutta (SRK) methods that achieve high weak-order
convergence for Ito stochastic differential equations (SODEs) was constructed, particularly in
systems driven by multi-dimensional Wiener processes. The method introduced a general class
of SRK methods and employed rooted tree analysis to derive general order conditions for their
coefficients, enabling the design of methods with arbitrarily high weak-order accuracy. How-
ever, the methods presented are primarily applicable to [t6 SODEs and may not directly extend
to Stratonovich equations or systems with non-commutative noise, limiting their broader appli-
cability.

In Debrabant and RoBler (2009), efficient second-order stochastic Runge—Kutta (SRK) meth-
ods for the weak approximation of It6 stochastic differential equations (SODEs) driven by multi-
dimensional Wiener processes was constructed. The method introduced a class of SRK methods
that significantly reduce the number of function evaluations compared to traditional methods,
which typically scale quadratically with the number of Wiener processes. The study provided a
full classification of the coefficients for explicit SRK methods with minimal stage numbers and
presented coefficients for optimal schemes that satisfy higher-order conditions. However, these
methods are primarily applicable to It6 SODEs and may not directly extend to Stratonovich
equations or systems with non-commutative noise, limiting their broader applicability.

In Li et al. (2023), conservative continuous-stage SRKs that blended geometric integra-

tion principles with stochastic analysis was proposed. These methods excelled at preserving
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invariants such as energy and mass but achieved higher order only in restrictive settings with
single integrand cases, demonstrating the ongoing trade-off between generality and specialized
performance.

Kruse et al. (2018) introduced randomized SRK methods that employed random quadra-
ture techniques to relax smoothness assumptions on the drift. This innovation extended SRK
applicability to problems with weaker regularity conditions, though it introduced additional
statistical variability that required careful error analysis.

In Debrabant et al. (2022), balanced SRK schemes that extended the concept of balanced
Euler-type methods to higher-order Runge-Kutta settings was developed. These methods en-
sured controlled moment growth and long-time stability while retaining weak order accuracy,
particularly valuable for stiff systems with dissipative properties.

In Hallern et al. (2024), Exponential Stochastic Runge-Kutta methods for SPDEs of Nemyt-
skii type, achieving strong temporal convergence order up to 1.5 was introduced. The scheme
combined exponential integrator ideas with SRK methodology, eliminating derivative require-
ments in certain components. However, the method demanded spatial discretization and ex-
hibited higher computational complexity, with implementation challenges for highly irregular
SPDE:s.

In Zhang et al. (2024), Structure-Preserving Implicit Runge-Kutta methods for stochastic
Poisson systems with multiple noises was developed. The diagonal implicit SRK and trans-
formed RK methods preserved Poisson structure, Casimir functions, and quadratic Hamilto-
nians, demonstrating excellent performance for systems like the stochastic rigid body. The
limitation emerged in the requirement to solve algebraic systems at each step, increasing com-
putational cost while restricting applicability to specific structural frameworks.

In D’Giovacchino and D’ Ambrosio (2024), comprehensive contractivity analysis of SRK

methods applied to mean-square dissipative SODEs was conducted. The method demonstrated
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that SRK methods derived from algebraically stable deterministic RK methods could inherit
contractivity properties when applied to SODEs with globally one-sided Lipschitz drift. This
provided crucial tools for analyzing SRK stability in stiff or dissipative contexts, though it
required specific structural conditions that limited broad applicability.

In Arif et al. (2025), Hybrid Exponential Runge-Kutta schemes for stochastic SIQR dis-
ease models with spatial diffusion was proposed . The method demonstrated superior accuracy
compared to Euler-Maruyama for nonlinear epidemiological dynamics but was primarily vali-
dated in specific application contexts rather than general SODE/SPDE classes, highlighting the
ongoing challenge of balancing specialized performance with general applicability.

The development of Stochastic Runge-Kutta methods illustrates a clear evolutionary trajec-
tory from derivative-laden higher-order methods to sophisticated multi-stage approaches that
maintain accuracy while reducing computational complexity. Each innovation addressed spe-
cific limitations, order conditions provided theoretical foundation, B-series enabled systematic
construction, geometric methods addressed structure preservation, and randomized variants ex-
panded applicability. However, the fundamental trade-offs between computational cost, imple-
mentation complexity, and general applicability persist, motivating continued development of
more efficient and robust SRK families.

In Burrage and Burrage (1996), Stochastic Linear Multistep Methods (SLMM) were intro-
duced to extend classical linear multistep methods for the numerical solution of SODEs. The
formulated SLMM achieve both strong and weak convergence, providing a systematic frame-
work for approximating SODE solutions over multiple steps. The methods’ stability and con-
sistency was analyzed, highlighting their efficiency for non-stiff problems but noting potential
instability when applied to stiff SODEs.

In Denk and Schiffler (1997), the problem of developing stable and convergent multistep

methods for the numerical solution of SODs was addressed. This was achieved by analyzing the
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stability and convergence of implicit and semi-implicit linear multistep schemes, deriving con-
ditions under which the methods are mean-square stable, and providing examples of schemes
that satisfy these conditions. The study also highlighted limitations, noting that explicit schemes
may fail to maintain stability for stiff problems and that achieving high strong order convergence
is restricted by the structure of the stochastic terms.

In Brugnano et al. (2000), strongly convergent numerical solutions for stochastic ordinary
differential equations (SODEs) using linear multistep methods was obtained. It was achieved
by deriving conditions on the coefficients of Adams-type methods to ensure strong local and
global convergence, considering both commutative and non-commutative noise, and proposing
predictor-corrector schemes for efficiently handling implicit stochastic terms. It was shown
that explicit Adams-type methods cannot reach strong order 1, and in general, methods cannot
exceed strong order 1; higher orders are only achievable in special cases such as additive noise
or linear drift.

In Buckwar and Winkler (2006), weak second-order stochastic Runge—Kutta (SRK) meth-
ods for [t6 stochastic ordinary differential equations (SODEs) with small noise was constructed,
aiming to improve computational efficiency without sacrificing accuracy. A class of SRK meth-
ods that approximate the drift term using deterministic ODE methods and discretize the diffu-
sion term using a Maruyama scheme, with the option to incorporate mixed classical-stochastic
integrals for enhanced accuracy was introduced. The study demonstrated that the effectiveness
of these methods is contingent upon a careful balance between the step size and the magnitude
of the noise, and provided simulation results to illustrate their theoretical findings. However,
the methods are primarily applicable to Itd6 SODEs with small noise and may not directly ex-
tend to systems with large noise or non-commutative noise structures, limiting their broader
applicability.

In Stamatiou (2017), comprehensive asymptotic mean-square stability theory for two-step
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methods was developed , providing necessary and sufficient algebraic criteria in terms of as-
sociated stability polynomials. The method established stochastic analogues of deterministic
root locus analysis, enabling method selection based on stability properties rather than solely
accuracy considerations.

In D’ Ambrosio and Buckwar (2021), exponential mean-square stability for nonlinear stochas-
tic linear multistep methods (SLMM) was analzed, focusing on whether numerical solutions can
reproduce the contractive behavior of the exact SODE solution. This was achieved by deriving
sufficient conditions on the stepsize and method coefficients for one-step and two-step SLMM to
ensure exponential mean-square contractivity, supported by theoretical inequalities and numer-
ical experiments using methods like Adams-Moulton, Milne-Simpson, and BDF2. The study
showed that while some methods, like BDF2, are nearly unconditionally stable, others, such as
Milne-Simpson, fail to maintain exponential mean-square stability under practical stepsizes. A
limitation is that stability depends strongly on the chosen stepsize and method, requiring careful
selection and computation of bounds to preserve contractive behavior.

In Zhao et al. (2014), multistep methods to coupled forward-backward SODEs, producing
high-order accurate schemes for financial and control applications was extended. The method
demonstrated that carefully designed multistep methods could achieve both accuracy and effi-
ciency gains in these coupled systems, though the computational burden of evaluating iterated
stochastic integrals remained significant.

In Fu et al. (2018), multistep methods for forward-backward SODEs with jumps, incorpo-
rating Poisson increments and jump integrals into the multistep framework was developed. This
extension demonstrated SLMM adaptability to more general stochastic dynamics but introduced
additional complexity in handling discontinuous processes.

In Fang and Zhao (2023), ODE-based multistep schemes for Backward SODEs by reformu-

lating the problem via the nonlinear Feynman-Kac formula was proposed. The strong stability
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preserving (SSP) multistep discretizations was employed and proved consistency, stability, and
convergence. The approach demonstrated how multistep methods could be adapted to back-
ward problems with improved numerical performance, though conditional expectation approx-
imations remained challenging.

Bussell and Garcia-Trillos (2023), a deep multistep mixed algorithm for solving high-dimensional
nonlinear PDEs and associated Backward SODEs was introduced. The method integrated neu-
ral networks with multistep time discretizations to address the curse of dimensionality, demon-
strating that multistep formulations could be valuable beyond traditional analysis frameworks,
though training accuracy and network generalization introduced new sources of error.

The development of Stochastic Linear Multistep Methods illustrates a consistent focus on
computational efficiency through information reuse, with each evolutionary stage addressing
emerging stability and implementation challenges. From initial formulations through rigorous
theoretical foundations to modern computational implementations, SLMMs have maintained
their core advantage of efficiency while gradually overcoming stability limitations through so-
phisticated analysis and method design. The persistent challenge remains balancing the inherent
stability constraints of multistep approaches with the demanding requirements of stiff stochastic
systems.

Second-derivative methods represent a potentially transformative but largely unexplored
evolutionary direction in SODE numerical analysis, building upon their demonstrated success
in deterministic contexts while addressing the unique challenges of stochastic systems.

Enright (1974) pioneered second-derivative multistep methods for stiff ODEs, demonstrat-
ing that incorporating second-derivative information could substantially enlarge absolute sta-
bility regions. The method established the fundamental advantage: second-derivative meth-
ods could achieve higher accuracy and superior stability properties compared to first-derivative

counterparts, particularly valuable for stiff systems.
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Mehdizadeh Khalsaraei et al. (2012) comprehensively reviewed families of higher-order A-
stable multistep methods based on second derivatives, systematically analyzing their advantages
for stiff initial value problems. Their work demonstrated that second-derivative methods could
achieve orders of accuracy unreachable by conventional methods while maintaining excellent
stability properties.

Nwachukwu and Mokwunye (2018) developed generalized Adams-type second-derivative
methods (SDGAMs) that achieved remarkable stability together with accuracy orders as high
as 2k + 2. The method demonstrated that carefully designed coefficient sets could leverage
second-derivative information to simultaneously address accuracy and stability requirements,
though implementation required efficient computation of second derivatives.

Mehdizadeh Khalsaraei et al. (2012) systematically analyzed families of A-stable SD-
LMMs, proving that methods with £ steps can achieve order 2k + 1 while maintaining absolute
stability. Their work established that the additional degrees of freedom from second-derivative
terms enable simultaneous optimization of both accuracy and stability constraints.

Skwame et al. (2018) introduced a two-step second-derivative Adams-Moulton method
specifically designed for stiff second-order ODEs. Their method demonstrated excellent per-
formance for highly oscillatory and stiff problems, providing a template for potential stochastic
extensions while highlighting the computational challenges of derivative evaluation.

The absence of systematic SD-LMM development for SODEs represents not merely a litera-
ture gap but a significant opportunity to leverage proven deterministic advantages in the stochas-
tic context. This thesis directly addresses this opportunity by developing second-derivative
Adams-type formulae specifically designed for stiff stochastic ordinary differential equations,
with careful attention to the unique mathematical, theoretical, and computational challenges of
the stochastic setting. Despite the progress in ODE contexts, there is no established literature

on second-derivative Adams-type methods for stiff SODEs. Existing studies on stiff stochastic
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problems have primarily focused on Euler-type, Milstein-type, and first-derivative multistep or
Runge—Kutta methods schurz (1999) stability, Buckwar and Winkler (2007). The absence of
systematic investigations into second-derivative Adams-type methods for SODEs represents a
clear gap in the current body of knowledge. This gap forms the central motivation of the present
study, which aims to develop families of such methods, analyze their accuracy and stability, and

establish their suitability for approximating stiff stochastic systems.

2.3 Summary

This chapter reviewed the development of numerical methods for SODEs, from early one-step
schemes to advanced Adams-type and second-derivative methods. While second-derivative
methods have proven effective in ODEs, their adaptation to SODEs, particularly stiff cases

remains unexplored. This gap forms the basis for the research presented in chapter 3.
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CHAPTER THREE

Second Derivative Adams Type Formulae

3.1 Introduction

Higher Derivative methods for the treatment of stiff [IVPs in ODEs were borne out of the desire
to improve the order of the numerical methods used in the approximation of solution to stiff
IVPs. This chapter is on the development of Second Derivative methods for integration of
SODe (1.1.1).

The numerical treatment of SODESs is more delicate than that of ordinary differential equa-
tions (ODEs), owing to the presence of stochastic forcing terms represented by Wiener pro-
cesses. In particular, the numerical integration of stifft SODEs requires schemes that combine
both accuracy and robust stability properties. Classical linear multistep methods have been ex-
tended to the stochastic context; however, their performance on stiff problems is often limited.
The inclusion of second derivative terms in Adams-type methods has been shown, in the ODE
context, to enhance stability and efficiency. This motivates the extension of such methods to

the stochastic setting.
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3.2 Construction of Method
The second derivative LMM for SODE (1.1.1) is given as:

1

X1 = X+ (=S (Xoin)) 0 ((Xin) = [(X0)),

(3.2.1)

_ 1 ,

By setting 6, = 0,7 =0, 1,2, ...k — 1, in the spirit of (Enright(1974), yields:
_ e —1 _

Vo =Y+ (0 =hf (V) h(f(Ye)—f(Y,),

(3.2.2)
_ 1 ,
Yn+1 = Yn + hf<yn> + g<Yn> AI/I/vn + ig(Yn)g (Yn) ((AWn)Q - h) :

The (3.2.2) is the proposed method in this study. The method (3.2.2) is called Second Derivative
Adams Type Formula 1 (SDAT'F}) for reference purpose. Here f,, . ; ;.4 is the drift term,
9n+j—k+1 18 the diffusion term, g = % and 3;,7;,1);, 0}, are constants to be determined.

The parameters 3, 0}, 7;, 7, are obtained using Taylor series expansion, Ito Taylor expan-

sion about (¢,,, X,,) and method of undetermined coefficients using the following procedure:

1. Expand the exact solution of the SODE using the stochastic Taylor formula.
2. Expand the numerical scheme in powers of h and AW,,.

3. Equate coefficients of like stochastic terms (h, AW, , (AW, )?, etc.) between the two

expansions.

4. Solve the resulting system of algebraic equations to determine the sets {«;}, {3}, and

{’Yj}-

This procedure ensures that the SLMM reproduces the exact stochastic behaviour of the SODE

up to the desired order of strong or weak convergence.
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Let X (¢,,) denote the exact solution of the SODE (1.1.1). The Linear difference operator
associated with (3.2.2) with 7; = (j — k)h and t,, + h + 7; = t,, + jh. where AW (t,, + h) =
W<tn + h) o W(tn) and ng = gg/-

Denote values at the base point ¢,, by

Taylor expansions of X (¢,, + h) about (¢,,, X,,) is given as:
X(t, +h) = X(t,) +hf, + ©G, + L H, + 157, +0(h), (3.2.3)
also, f(X(t, +h+ 7;)) about (,,, X,,) yields:
fX(ty +h+7)) = fu+ (Gh) G, + YL H 4 G574 O(nY), (3.2.4)

Substituting (3.2.4) and (3.2.5) into (3.2.3) and collect powers of h, and match independent

derivatives, yields the deterministic moment (consistency) conditions:

k
> B =1, (3.2.5)
J=0
k
> Bii=35—0 (3.2.6)
7=0
k
> B =13 (3:2.7)
J=0
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and in general, for m > 0,

1
k § eka m = 17
> B = (3.2.8)
7=0 1 .
M

For the stochastic terms, the Linear difference operator associated with the stochastic part

of (3.2.3) is:

k k
L(X(t,)h) = =AW( D7 ) g(t) =3 ((AW)?=h) ( - n; ) (Lag(t,))+O(R2). (3.2.9)

=0 =0
Ito Taylor expansion of (3.2.10) about (¢,,, X,,) gives:

g(X(t, +h+1))) = g(t,) + 7;(Log)(t,) + O(h?), (3.2.10)

(L1g)(X(t, +h+7;)) = (L1g(t,)) + O(h). (3.2.11)

Substituting (3.2.11) and (3.2.12) into (3.2.10) and matching the Ito—Taylor yields:

k
dy=1 D> =1 (3.2.12)
=0 j

For fully implicit choices concentrated at 7 = k, (3.2.13) holds automatically (since j — k = 0

for 5 = k) (Dai and Wang (2025)).

v, = n; = . (3.2.13)

62



3.2.1 Coefficients of SDAT'F)

Fork =1
The nodes j = 0,5 = 1. Unknowns: 3, 3;,6;. Moment equations (from m = 0,1, 2)

(3.2.6),(3.2.7) and (3.2.8) yields:

Bo+ 01 =1, (3.2.14)
0-By+1-B,=1—0y, (3.2.15)
028, + 128, = 3. (3.2.16)

Solving the linear system (3.2.15)-(3.2.17) (Hairer and Wanner (2010)) yields:

From (3.2.13),

Yo+7 =1 (3.2.17)

Solving (3.2.18) and (3.2.19) gives: 7, =0, v, =1, g = 0, n; = 1, the resulting scheme is
For k =2

Thenodesare j = 0,1,2(t,,,t,,+h,t,+2h). Unknowns: 3, 3, 55, 05. Moment equations

n»'n
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(fromm = 0,1, 2, 3):

Bo+ b1+ By =1, (3.2.19)
0-Bp+1-B1+2By=75—0,, (3.2.20)
028, + 128, + 22, = 3, (3.2.21)
038, + 136, + 238, = 1. (3.2.22)

Solving the system of equation (3.2.21)- (3.2.24) yields:

BOZ%a 51:%a ﬁzz_ﬁa 92:%~
From (3.2.16),
Yo+t =1 (3.2.23)
no+m+mn=1 (3.2.24)

Solving the system of equation (3.2.25) and (3.2.26) gives: 7 =7, =0, 75 =1, ng =n; =
0, n, = 1, the scheme becomes;

Fork =3

Nodes are j = 0,1,2,3 (nodes t,,,...,t,, + 3h). Unknowns: (3, 3;, B, 83, 05. Moment

equations (from m = 0,1, 2, 3, 4):

3
Big™ = ——= (m # 1), Zﬁ]j

J=0

5 —0s. (3.2.25)

<.
Il w
=
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Solving the linear system (3.2.29) gives the coefficients:

— 307 — 19 —_1 - 7 — 19
50 5400 ~1 T 40> /32 - T 90> /83 ~ 1080° 93 180

From (3.2.16),

Yot+t1trty=1

Mo+m +my+mn3=1

(3.2.26)

(3.2.27)

Solving the system of equation (3.2.29) and (3.2.30) gives: 75 = 73 = 75 = 0,73 = 1 and

Ny =1, =Ny = 0,m3 = 1, the scheme is:

65



99

Bo Bs Ba Bs Bs Bs 0, Yo Y1 Y2 V3 Ve Vs Y Y Vs Yoo Yo | Mo Th T2 M3 M M5 Mg Tz Ns Mo Tho
% 5} 0 1 0 1

= b R 0 0 1 0 0 1

050 % i e 0 0 0 1 0 0 0 1

65 + = o au 5 0 0 0 o0 1 00 0 o0 1

800 o320 56 ook 2016 SDamo0 s |0 0 0 0 0 1 00 0 0 0 1

25760 MG e oo weno  mote TRasi0 e |0 0 0 0 0 0 1 00 0 0 0 0 1

00800 o200 Joa  lossio w000 o000 00 0 0 0 0 0 1 00 0 0 0 0 0 1

GOS0 TEI4i0D  Gomw0s 007000 Zo0dods  1eleios  Gozmod  1aiiion  Zo0304000 Teeg |00 0 0 0 0 0 0 1 00 0 0 0 0 0 0 1
SHSTOR0D  TZOTSG0  TOOSM0S 119780100 19038100 iloTeio  Srozion o790 iz07osiossno s [0 0 0 0 0 0 0 0 0 1 00 0 0 0 0 0 0 0 1
TOTS000IN0  TTODOIG0D  FI0938040  ZIOMIT6N0  Soisiolo 1066730 T0G3200 oSS0 Goscass00  i7o0oiaod  ssaisizoeds | ries | 0 0 0 0 0 0 0 0 0 0 1 )0 0 0 0 0 0 0 0 0 0 1

Table 3.1: SDATF coefficients for orders k = 1, ..., 10.



3.3 Order and Stability of SDAT'F|

The Ito differential operators (Kloeden and Platen (1992)) are defined as follows:

0 0?
0 _ 1 27
L= far + 290 5
0
j——
g(?:z:

It integrals Over the interval [¢,,, ¢, ;| with step h and Wiener increment AW, , (Kloeden

and Platen (1992))

I(l) — AWn,
tn+1 s
I(l,l) = / / qu dWS = %((AWTL>2 - h>7
t’ﬂ t'IL

tn+1 s
1(170) :/ / qu d87
t, t,
tn+l s
t, t,,

The expectation of Ito integrals satisfy the following relation:
Ell0)° = O(h?),ElL 1> = O(h%),

i.e. they are of size O(h®/ 2) in mean-square, (Kloeden and Platen (1992)).

(3.3.1)

(3.3.2)

(3.3.3)

(3.3.4)

The Ito’s Taylor expansion of X (t,,, ;) of the solution (1.1.1) at the point (¢,,, ;) is given as
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follows:

X(tn 1) = X(t,) +hL® + L'AW, + 1L0LOR?

tri1 s tntt S
+ / / dw, ds, L'LY + / / du dWSLOLl (3.3.5)

tn+1 s
+ / / dW,dW, L'L* + R, _,,
th t,
using (3.3.3),

X(tyy) = X(t,) + L0 Iy + L' I1yy + 5LOL° I (3.3.6)

+ L' Iy o)+ LOL T 4y + L'LY Iy 4 + R, 4,

where R,, . ; is the remainder and satisfies the relation E|R,,,,|*> = O(h?).

where

Lf=[f"+39°1";
L'f=gf"

(33.7)
L°g = fg' +39%9":

L'L'z = gg'.
Substituting (3.3.7) into (3.3.6) readily gives:

X<tn+1) = X(tn) + fnh + gnAWn

+ 3(fufh + 392 17)R?
(3.3.8)

+ (gn L) 1,0y + (frgn + %97219;;)[(0,1)

+ (gng;l>%(<AWn>2 - h) + Rn-i—la

Proposition 3.1. SDATF, (3.2.2) is of strong order 1.
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proof

Assume f,g € C3(R"). Also assume f,g and satisfy global Lipschitz and polynomial
growth bounds,

Then the one step map of SDATF; (3.2.2) is given by:

The local truncation error (Ite),
Tnp1 = X(tpp1) — Xpiq- (3.3.9)

obtained from equating (3.3.8) and (3.3.9) as:

Applying the consistency conditions:

k k k
D Bi=1 3 y=1 ) n=1 (3.3.10)

(3.3.12) reduces to:
Tht1 = (%(Lofn> - ngn+1>h2 + (gnf;l) I(l,O) + (Logn) I(O,l) + §n+k' (3311)
Taking the norm of both sides of (3.3.14) and squaring the resultant gives:
[ial? = 1(3(L0F) = 6:Go1 )12 + (90 F2) L) + (L°9) Loy + R G312)

a2 S U(BE0£) = 00Gin ) B2 + 10 f3) T oy + (E09,) Tio 2 + [

(3.3.13)
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Taking expectation of both sides of (3.3.16) to obtain:

El P < B30 F) = 04Gnin ) 1212 + BN fn) Ty + (L°9,) T I + EN R
(3.3.14)

Recall (3.3.4), (3.3.17) becomes:

Elr, | < Ch?. (3.3.15)

The global error e, ,, Incured by approximating the solution (1.1.1) using SDAT'F is
obtained as:

€pir =Tt + X(1,) — X,,. (3.3.16)

Taking expectation of both sides of (3.3.19) yield:
Ele,+11> < (14 Ch) Ele,|* + CE|7, 1] (3.3.17)
Substituting (3.3.18) into (3.3.20) gives:
Ele,|* < (14 Ch)Ele, 4|*> + Ch3. (3.3.18)
By discrete Gronwall’s lemma (Kloeden and Platen (1992)), uniformly for ¢, <7,
Ele,|*> < Ch?. (3.3.19)

Therefore, SDATF] is of strong order 1 and the proof is established.

Remark 3.1. Let ®,, be the numerical one-step increment produced by SDATF, applied using
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exact solution values on the right-hand side, so that
Elp(x+ ®,)] = o(z) + hLo(x) + 2 L20(x) + O(h?), (3.3.20)

for every smooth test ; this gives local weak error O(h3). then lifts local O(h®) to global
weak order 2 under zero-stability (Talay and Tubaro (1990)). Using standard Brownian moment

identities
E[AW] =0, E[(AW)?]=h, E[(AW)3] =0, E[(AW)%]=3h?, (3.3.21)

and corresponding moments for the multistep Brownian combinations. Boundedness / moment

assumptions on g, gq" ensure all needed expectations are finite and uniformly bounded.
Proposition 3.2. SDATF1 (3.2.2) is of weak order 2.

proof Let ¢ € C’ ® +1)( , R) be a smooth test function

By Ito—Taylor expansion (Kloeden and Platen, 1992; Talay and Tubaro, 1990),
Elp(X (t,1)) | X,] = 0(X,) + hLop(X,) + 5 L2(X,) + O(h?), (33.22)

where Ly = fo' + 16%¢”.

Let= = X, ., — X,,. Using (3.3.24), we compute
E[Z) = hSY f, + h2(SS) (Lf), + 0,G,) + O(h%), (3.3.23)

F[=2] :h(S%O))Qgithz((Sgo))2f3+%(57<7 2(9'9)? +25 S gn(Lg) )+O(h3), (3.3.24)

E[=°] = 3h2(SY)262 (S5 f + i 9097,) + O(hP?), (3.3.25)
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E[Z4] = 3h2(SY))4g% + O(h%2).
Substituting into (3.3.25)- (3.3.28) into:

4 ,m)
Elp(X,p0) | X,) = 3 & Xn)

m=0

—m 3

gives the numerical expansion up to O(h?).

Comparing with the exact expansion, (3.3.13) and

are required. If the coefficients satisfy (3.3.13) and (3.3.20), then

Elo(X(t41))] — Elo(Xp41)] = O(R?),

so by Talay and Tubaro (1990) the global weak error is O(h?), which implies that:

Elo(X(T))] = Elp(Xy)] = O(h?).
Hence SDATF) achieves weak order 2.
Lemma 3.1. SDATF) is mean-square stable

Proof:

Applying (3.2.2) to (1.2.1),

fX)=2X, g(X)=pX, [(X)=X gX)=pn GX)=\X.
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(3.3.27)

(3.3.28)

(3.3.29)

(3.3.30)

(3.3.31)



Substituting into the AT SDF; (3.2.5) yields:
Isolating X, ; terms:

Let p be the shift operator, that is
X1 =pX,, j=0,1,.. .,k

Then (3.3.34), becomes

Factorizing X,,, and let £ = AW,,.

pX, 1= hABL — W30, = € = S (€2 — )|

k—1 k—1
= [LHRAY Bip+ e o+ 512 =)D nyo] X,
j=0 §=0 j

(3.3.37) reduces to

p|1 = hAB, — W20, — oy € — Ly (62 — )|

k—1 k—1 k—1
=1+hAY Bip+uld vp+ 362 —h)D np.
3=0 j=0 J=0

Bring all terms in (3.3.38) to the left-hand side to obtain

P(p;§) = pag(§) — ) _b;(§)p =0,

where

ap(§) =1 —hABj, — h29k)‘2 — Y § — %Mzﬁk(fz - h),
b;j(€) = hAB; + péy; + sp° (& —h)n;, 0<j<k—2,

b_1(&) =1+ hABy_q + pévp_y + 51%(E% — h)mp_y.
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For each fixed realization of &, the method is mean square stable if all roots of P(p;&) = 0
satisfy |p| < 1.

When k£ = 1, the equation reduces to

pay(§) = by(§), (3.3.38)

so the stability function is

by (§)
R(§) = 2=, 3.3.39
e (3339
with

ay(§) =1 —hABy — W20, N° — iy € — 51°m, (82 — D), (3.3.40)
bo(€) = 14 hABy + pyo€ + 510 (€2 — h). (3.3.41)

Taking the square of the expectation of (3.3.42) and applying (3.3.24) gives:
E[|R())?] < 1. (3.3.42)

Hence SDAT'F; is mean-square stable whenever (3.3.61) holds.
Lemma 3.2. SDATF, (3.2.2) is Mean-square zero-stable

proof:
Set the error e, = X, — yn Subtract the two instances of (3.2.2) to obtain the error
recursion. Using the notation (for the two solutions the same coefficients apply), Buckwar and

Winkler (2007)

k k k
1
A, = Z Bifosjkr, Bn= Z’ngrwjfkwtl? Cn =3 Z 19" 9 ntj-rs15
=0 =0 =0

74



and similarly /Tn, §n, C’Vn for X, yields:

~ ~

€nt1 = €n+h<An_An>+(Bn_Bn)AWn+(Cn_€n>((AWn>2_h>+h20k<Gn+1_§n+l)'
(3.3.43)

Square the norm and take expectations yields:

Elle, 1| < 4E|e, [>+4h%E| A, —A, [*+4E[| B, — B, > (AW, )| +4E[|C,,—C,, |> (AW, )2 —h)?]| +4h* 631
(3.3.44)

Applying (3.3.24) yields:. Thus

Elle. |2 < 4E|e. |2 + 4h2E|A. — A |2 +4hE|B. — B |2 + 8h2E|C. — O ||2
n+1 n n n n n n n

+ 4h49%[”Gn+1 - Gn+1 ”2
(3.3.45)

Apply Lipschitz and linear growth bound component wise to the delayed combinations:
because each A,,, B,,,C,,,G,, . is a finite linear combination of f, g, g’g, and (if present) L f
evaluated at a finite fixed set of past times, there is a constant L; (depending only on the stencil
coefficients and on L) such that for all n,

E|A4, = A, [P +E|B, =B, [P+ E|C, —C, P +E|Gop — G P < Ly | max Bl
(3.3.46)
(The maximum over the relevant past indices appears because the combinations use values from

at most the last k steps.)

Hence, there exists constants C;, Cy > 0 such that

2 < 2 ] 2
ey al? < (44 CLEle, [+ Coh max Bl il G34)

75



Rearrange to a standard companion inequality on windows of length k.

E = max [Ele,|? (n>k—1). (3.3.48)

n n—k+1<m<n

From (3.3.65) there exists hy > 0 and constant C' > 0 such that for all 0 < h < hy,
E,..<(14+ChE, foralln > k —1. (3.3.49)

Iterating gives

E,<(1+Ch)"F*1lE, . (3.3.50)

For any fixed final time 7'with n < T'/h, this yields
E, <exp(CT)E,_;, (3.3.51)
so the error remains bounded uniformly in n (for n up to 7'/h) and in particular
Ele,|? < C’ o Jnax Ele;|?, (3.3.52)

where C” = exp(CT) is independent of h for h small. This proves mean-square zero-stability.
Lemma 3.3. SDATF, is Mean-Square A-Stable

Proof

Applying the SDATF] to the test equation (1.2.1), yields the stability function (3.3.42).
The plots of stability domain are done with the aid of boundary locus method, Lambert (1991).
The stability regions for SDATF, (3.2.2) for k = 2,3, ..., 12 are presented in fig 3.1 - 3.9. The

unbounded regions in the fig 3.1-3.11 indicate the region of absolute stability of (3.2.2).
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Im(hA)

Im(hA)

o

o

|
]

-3

N

Stability Region of Implicit Adams-Type Method (k = 2)

0 2 4 6 8 10
Re(hA)

Figure 3.1: Stability plot of SDATF1 for
k=2

Stability Region of Implicit Adams-Type Method (k = 4)

0 2 4 6 8 10
Re(hA)

Figure 3.3: Stability plot of SDATF1 for
k=4

Im(hA)

Im(hA)

Stability Region of Implicit Adams-Type Method (k = 3)

Figure 3.2: Stability plot of SDATF1 for
k=3

Stability Region of Implicit Adams-Type Method (k = 5)

0 2 4 6 8 10
Re(hA)

Figure 3.4: Stability plot of SDATF1 for
k=5
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Im(hA)

Im(hA)

]

Stability Region of Implicit Adams-Type Method (k = 6)

Figure 3.5: Stability plot of SDATF1 for
k=6

Stability Region of Implicit Adams-Type Method (k = 8)

Figure 3.7: Stability plot of SDATF1 for
k=8

Im(hA)

Im(hA)y
o

Stability Region of Implicit Adams-Type Method (k = 7)

0 2 4 6 8 10

Figure 3.6: §§g%ility plot of SDATF1 for
k=7

Stability Region of Implicit Adams-Type Method (k = 9)
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Figure 3.8: Stability plot of SDATF1 for
k=9



Stability Region of Implicit Adams-Type Method (k = 10)

Im(hA)
(=]

0

Re(hA)

Figure 3.9: Stability plot of SDATF1 for
k=10

Stability Region of Implicit Adams-Type Method (k = 11) Stability Region of Implicit Adams-Type Method (k = 12)
3

Im(hA)

Im(hA)
=]

Re(hA) Re(hA)

Figure 3.10: Stability plot of SDATF1 for Figure 3.11: Stability plot of SDATF1 for
k=11 k=12

The boundary locus plots in fig. (3.1)-(3.11), shows that SDAT'F} for step size k = 2 to
k = 12, the stability region includes the entire left of the complex plane, meaning that SDAT F}

is A-stable. The bounded region is the region of instability. In fig (3.1), the bounded region is
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between [0 — 6], in fig. (3.2), the bounded region is between [0 — 3], in fig. (3.3), the bounded
region is between [0—2.1], in fig (3.4), the bounded region is between [0—1.8], in fig. (3.5), the
bounded region is between [0 — 1]. As the step size increases, the instability(bounded) region

shrinks, and the stability region increases.

3.4 Construction of Second Derivative Adams Type Formula 2 (SDAT'F,)

Ifin (3.2.2),0, = 0, for all j = 0, 1, ---. Then the second family of method is given as:
j

The Linear difference operator associated with (3.4.1) is given by:

k
L(X(t,),h) = X(t, +h) — X(t,) — hZBj fX(t, +h+1)))
=0

J

k
— AW(t, +h)> v dX(t, +h+71)) (3.4.1)
=0
k
—L[@AWt, + )2 = B] D 0 (Lag) X (t, + b+ 7)),

Taylor expansions about (¢,,, X,, ) is as follows:

X(t, +h) = X(t,) +hf, + G, + L H, + 157, +0(h5), (3.4.2)
fX(ty +h+7)) = fo+ (DhG, + L H 4 U7 4 Ont). (3.4.3)

Substituting (3.4.3) and (3.4.4) into (3.4.2), collect powers of h, and match independent

derivatives. This yields the deterministic moment (consistency) conditions:

Bo+ 61 =1, —Bo = _%- (3.4.4)

80



For the stochastic terms, Ito Taylor expansion of (3.4.2) about (¢,,, X,,) gives:
9(X(t, +h+1)) = g(t,) +7;(Log)(t,) + O(h?), (3.4.5)

(L1g)(X(t, +h+ 1)) = (Lyg(t,)) + O(h). (3.4.6)
Then the Linear operator of the stochastic part is:

k k
(AW =1) (D1, ) (Lag(t,) +O(2). 34T)

7=0 7=0

=
>
=~
T
=
I
P>
=
32
SN—
<
=
N
+
N[

For fully implicit choices concentrated at j = k this condition holds automatically (since j—k =

0 for j = k).

v, = n; = . (3.4.8)

3.5 Coefficients of SDATF,

Fork =1,
The moment equation m = 0, 1 from (3.4.5) gives: 5, = %, By =

1
2

Withy, =0, v; =1, ny = 0, n; = 1, the resulting scheme is
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For k = 2. The moment equations m = 0, 1,2 are

Bo+ b1+ By =1,
_260_51 = _%7

4By + By = %

Solving the system of equation yields:

Bo=3—280, 4Bo+(3-28))=35 = 260=—5 = Bo=—13

—

Then 3, = %, and 8, =1 — 3, — 3, = 2. Hence

1 2 _ 5
60:_ﬁ7 1= 3 52-@

Withyy =v, =0, v, =1, ny =n; =0, ny = 1, the scheme becomes:

Xn+1 = Xn + h(_1_12 n—1 + %fn + % n+1)
(3.5.1)

+ In+1 AVVn + %g;H—lgn-&-l((AWn)z - h)

For k = 3,

Diffusion coefficients

7():’71:’72:07 ,73:17

Mg=m=mn,=0, n3=1.
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The scheme is:

Xn+1 = Xn+h (i n—2 " 2_54 n—1 + %fﬂ + % n+1)+gn+1 AWn+%g;L+lgn+1 [(AWn>2 - h] :
(3.5.2)

For k=4

Xn—t-l:Xn—}_h‘(_?ngo n—3+% n—Z_% n—1+%fn+% n+1> (353)

+ Int1 AWn + %g:erlgnJrl ((AWn>2 - h)’

For k=5

_ 3 _ 173 241 _ 133 1427 95
Xn+1 - XTL + h<160 n—4 1440/ n—3 + 7207 n—2 240/ n—1 + 1440f7b + 288 n+1>

+ Gni1 AW, + %g;l+1gn+1<(AWn)2 —h),

(3.5.4)
For k=6
_ 863 263 6737 586
Xn+1 - Xn + h( 604804 n—5 + 2520/ n—4 201604 n—3 + 945/ n—2
15487 2713 19087 355
201604 n—1 + 2520 fn + 60480 n+1> ( )
+ AW, +%g/ (AW,)2 — h)
9n+1 n 2 gn+lgn+1 n )
For k=7
_ 275 11351 1537 88547
Xn+1 - Xn + h<24192 n—6 120960/ n—>5 + 4480/ n—4 120960/ n—3
123133 4511 139849 5257 3.5.6
+ 1209607/ n—2 44807/ n—1 + 120960fn + 17280 n+1> ( )

+ In+1 AWn + %g;+lgn+1<<AWn)2 - h)’
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For k=8

_ 33953 156437 645607 1573169
Xn+1 _Xn+h< 3628800 n— 7+ 1814400/ n—6 1814400/ n— 5+ 1814400/ n—4

_ 31457 4 2797679 2302297 2233547]0 4 1070017
22680/ n—3 1814400/ n—2 1814400/ n— 1814400 36288004 n+1

+ Gni1 AW, + %91/1+19n+1 ((AWn)Q —h),
(3.5.7)

For k=9

— 8183 _ 116687 335983 _ 462127
Xn+1 - Xn + h<1036800 n—=_8 1451520/ n—"7 + 9072004 n—6 4536007 n—5

+ 6755041 _ 8641823 + 200029 1408913
36288007 n—4 36288007 n—3 90720 J/n—2 907200

(3.5.8)

9449717 25713
+ 7257600 fn + 89600 n+1>

+ 9n+1 AWn + %g;ﬁ,+1gn+1((AWn>2 - h)’
For k=10

_ 3250433 9071219 12318413 23643791
X X +h< 479001600/ n—9 + 119750400/ n—38 31933440/ n 7+ 19958400/ n—6

21677723 + 2227571 _ 33765029 + 12051709
8870400 / n—5 7623700 /n—4 8870400 /n—3 3991680

_ 296725183 + 164046413f + 26842253
1596672007/ n—1 119750400 958003207 n+1

+ gn+1 AWn + %gv/lJrlgn-i-l((AWn)Q - h)
(3.5.9)
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68

Bo By Ba B Ba Bs Bs Bz Bs By Bio Yo M1 Y2 V3 Va4 Vs Ve V7 V8 Yoo Yo [T T T2 M3 My N5 Mg T Mg Ty Tho
1 % % 0 1 0 1
2 -5 2 = 0 0 1 0 0 1
3 217 7% % % 0 0 0 1 0o 0 0 1
4 771790 35630 7% % g;é 0 0 0 0 1 0o 0 0 0 1
5 T8 i1 e —3 % = 00 0 0 0 I 0 0 0 0 o0 I
6 | —tom Foo  Taies  oim Taoton om0 0 0 0 0 0 0 I 0 0 0 0 0 0 1
7| sfes “Taew  dmo s damo a0 oo 7% 00 0 0 0 0 0 1 0o 0 0 0 0 0 0 1
8 W00 TTsT400  ISIH0D s petado  Tistaon  isiado  Saossno 00 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1
9 | masw i —i83600  Bees0 a0 0730 a0 7asteon S0 00 0 0 0 0 0 0 0 I 0o 0 0 0 0 0 0 0 0 1
10 | —57300i00  Trorsod0n  —Sioasido  1oossio0 T SS0400 003700 T aSr0400  Soploso  —imederao  Tiovsoddo  agsooses | 0 0 0 0 0 0 0 0 0 0 10 0 0 0 0 0 0 0 0 0 1

Table 3.2: SDATF, coefficients for k = 1 ... 10.



3.6 Order and Stability of SDAT'F,

Proposition 3.3. SDATF,, (3.4.1) is of strong order 1.

proof
Assume f, g € C3(R"). Also assume f, g and satisfy Lipschitz and linear growth condition,

Then the one step map of SDAT'F,, (3.4.1) is given by:

k
Xn+1 - X + hZB f 7L+j> 2’7 g(Xn+]>AWn
L =0 (3.6.1)
+%Z77]9 n+] AWn)z _h>
0

.7:

The local truncation error (Ite), is obtained by equating (3.3.8) and (3.6.1) as:

Jj=0

( f:ﬁjfwry)h (EIn Z%gnﬂ)AW
k

+ < gngn - % n]gn+j> )2 - h) (362)

Jj=0

~

+ (9, 1) I+ (L°g,) Ty + Ry

k—1 k—1

i = (L= 2 B fu + (1= 2 ) 0n AW,

( (1- Z 773) 59090 ((AW,,)? —h) (3.6.3)

Q
KHL
en]

+ (gnfr) Ta.0) + (L09,) Lo.1) + Ry

applying (3.3.13), (3.6.3) reduces to:

Tor1 = (90 f0) I0) + (L00,) Toq) + By (3.6.4)
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Taking the norm of both sides of (3.6.4) and squaring the resultant gives:

171 I? = 1090 £0) Ta0) + (L09,) Tig 1y + Ryl (3.6.5)

17 ia 12 < U(gn fi) Ia0) + (L09,) Tio.1) 2 + IRy il (3.6.6)

Taking expectation of both sides of (3.6.6) to obtain:

Elr il < EI(3(L01,) = 0Grua 122 + BN (G, f2) T oy + (£09,) Lo I + ENR
(3.6.7)

Recall (3.3.4), (3.6.7) becomes:

Elr, |2 < Ch?. (3.6.8)

The global error e, ; Incured by approximating the solution (1.1.1) using SDATF is
obtained as:

Taking expectation of both sides of (3.6.9) yield:
Ele,.11> < (14 Ch)Ele,|* + CE|7, 4] (3.6.10)
Substituting (3.6.8) into (3.6.10) gives:

Ele,|? < (14 Ch)Ele,_,|? + Ch3. (3.6.11)
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By discrete Gronwall’s lemma (Platen and Kloeden (1992)), uniformly for ¢, <7,

Ele,|*> < Ch?.

Therefore, SDAT'F, is of strong order 1 and the proof is established.
Proposition 3.4. SDATF, is of weak order 2

Proof:
Assuming f, g € C%(R) (that is, they are sufficiently smooth with polynomial growth). Let
¢ € C}(R) be an arbitrary test function. We denote t,, ., = t,,+h, AW, = W (t,.,)—W(t,),

and X,, ~ X(t,,). For convenience, set f,, = f(X,), 9,, = 9(X,,), etc.

n

k
Sp(r) = B;(i—k+1),
7=0
k
S, ()= v—k+1), (3.6.12)
§=0
k
S,(0) = Z 7
§=0
In particular,
k k
Ss(0) =Y _B;, 5,(00=> 1 (3.6.13)
J=0 j=0

By the [t6—Taylor expansion, Kloeden and Platen (1992), Talay and Tubaro (1990),
h2
Elp(X(tya1)) | X0 = @(X,) + hLo(X,) + - L2p(X,,) + O(h%), (3.6.14)

2

where the infinitesimal generator L acts as

Lip = fo + %g%”. (3.6.15)
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This represents the exact one-step expansion to be matched up to order O (h?).

The numerical increment

E=X, — X, (3.6.16)
From the numerical scheme,
k
E= Z n+j k1 T Z’Yggnﬂ k1AW, + o Zn]gn+] k+19n+j— k1 (AW, ) — hl.
j=0 7=0
(3.6.17)

The Wiener increment satisfies

E[AW,] =0, E[(AW,)2]=h, E[(AW,)3] =0, E[(AW,)%]=3h2

n

We require the conditional moments E[=™ | X,,] up to terms contributing through O (h?).

Expanding coefficients around X ,:

Jovicwr = o + (G —k+DR(LS), + O(h?),
Insijoki1 = 9n + (G —k+ 1h(Lg), + O(h?), (3.6.18)

9n+g k+19n+j—k+1 — =(9'9), +O(h).

n
7=0

k k
= Y B+ =kt DL, + 5 D y(9), EIATW,)? — ] + O?)
=0

= hS5(0)f, + h2S5(1)(L),, + O(h®),

since E[(AW,,)? — h] = 0.

k 2
—_ Z 1

=0 4

+ O(h3)

% 2
(Z 77j(9’9>n+jfk+1 [(AW,)? — h])
j=0

= (S, (0026 + 17 [(S5(0))2 12 + 25,008, (1), (Lg), + 5(5,0)%(9'9)3 ] + 00"

n
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Using standard moment identities,

E[Z° | X,] = 317(8,(0))%97 (S5(0) f,, + 8,(0)(g"g),,) + O(R?),

(3.6.19)
E[E*|X,,] = 3h%(5,(0))*g;, + O(R°/?).
Expanding ¢(X,, + E) about X, and taking expectation:
(X)X, = 3 Lo EET [ X,] 4005, 6620
2 n+1 nl — ~ mﬁp n = n . s
Substituting the moment expansions and collecting terms gives
[E[SD(XTH-I) | Xn] = <p<Xn> + h’Al (Xn> + h’zAQ(Xn) + O(h?))? (3621)

where A, A, are linear combinations of ¢, ¢”, ¢©3), and ©*) with coefficients depending on
fn+ 9, and the sums Sg, 5., S, .

Matching with the exact Ito-Taylor expansion up to order (h?) requires that the coef-
ficients of ¢’ and ¢” coincide with those in Ly and L%y, respectively. This leads to the

algebraic order conditions

1 1
If the order conditions above are satisfied, then
Elp(X (t,:1)) | X)) — E[o(Xpi1) | X, ] = O(R?), (3.6.23)

so that the local weak error is of order O(h?). By the Talay—Tubaro (1990), the global weak

error after N = T'/h steps satisfies

|Elp(X(T)] — Elp(Xp)]| = O(h?). (3.6.24)
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Hence, SDATF, achieves weak order 2

Lemma 3.4. The Adams-type second derivative formula SDATF, (3.4.1) is mean-square sta-

ble.

Proof:

appling (3.4.1) to test equation (1.2.1) yields:

k

Xp1 =X, +hA Z BiXntj-ke
=0

k

1

+ pAW,, Z ViXntjwi1 + §M2 [(AW,,)? — I]
j=0

oL
I Mw
(]

isolating X, terms in (3.6.17),

1
X1 [1 — hABy — py AW, — §u277k (AW,,)? — h)]
k—1 k—1

= X,, + hA Z BiXnyjii1 + AW, Z Vi Xkl
Jj=0 j=0
1 k—1
+ §M2 [(AW,,)? — ] anXn+jfk+1'
3=0

Characteristic equation associated with the difference equation (3.6.18) gives:

p|1 = hAB, = € = LpiPm (€2 — )|

k-1 k-1 =l
=1+hAY Bip+us) v+ 5u (€ —h) Y _np.
=0 7=0 J=0

The stability function P(p; &) associated with SDATF, (3.4.1) is:
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where,

a,(§) = 1 —hABy, — v € — 5%, (6% — h), (3.6.28)
b;(€) = hAB; + péy; + 5p2 (&2 —h)n;, 0<j<k—2, (3.6.29)
bp1(§) = 14 BABy_y + p&yj_y + 51762 = h)ye_y. (3.6.30)

The method is mean square stable, if all roots of P(p, &) = 0 satisfy |p(€)| < 1.

When k = 1, the equation reduces to

pay(§) = by(),

so the stability function is

R(§) = (@) (3.6.31)

with
ay(§) =1—hABy — uy, & — %lﬂ’h (52 —h), (3.6.32)
bo(€) = 1+ hABy + pyo€ + 54710(62 — B). (3.6.33)

Taking the square expectation of (3.6.23) and applying (3.3.24)gives:

E[[R()?] <1, &~ N(0,h).

Hence S DAT'F,, is mean-square stable whenever (3.6.24) holds.
Lemma 3.5. SDATF, is Zero-Stability in Mean-Square Sense

Proof:
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Let X,, and Y, be two sequences generated by the (3.4.1). Using the same realizations of
the Wiener increments { AW, }, but possibly with different initial data on the first & starting
steps. The error

e, =X, — Y. (3.6.34)

n n n

k
€pi1 =€p N Z Bi(f (X jorsr) = F (Vo jogi1))
=0

k
+ Z Vj (Q(Xn+j—k+1) - Q(Yn+j—k+1))AWn
=0

<

k

> (09X ki) — 99V 1)) [(AW,)2 — B).
j=0

+

DN | —

Take conditional expectation (given the sigma-field up to time ¢,,) of the squared norm and

then total expectation. Using (a + b + ¢ + d)? < 4(a® + b? + ¢ + d?) and linearity, we get

k 2 k 2
Ellens ] < 4Elle, ]+ 4E > B8 h| +4E[D 1AG ki AW,
7=0 §=0

2

Y

1 ,
+4Eg;;mA@gnﬂ%H«Awaf—h>

where

By Lipschitz continuity and boundedness of (3.,

0<r<k—1

k 2 k 2
‘hZﬁjAfn—O—j—k-i—l’ < h2<z ’/8_]|) L? max e, , j|’
J=0 j=0
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Taking expectations,

n—k+1<m<n

k 2
R BA <C.h? max  Elle,,|?.
7=0

Using E[(AW, )?] = h and independence of AW,, from the past,

[E‘ Zk:VjAgmijAWn’Q - E[( zk:’yjAgnJrijrl)g] E[(AW,)?] < Coh max  [E[le,,|*].

=0 =0 n—k+1<m<n

Since E[((AW,,)? — h)?] = 2h? and ¢’g is Lipschitz,

n—k+1<m<n

1 & , 2
[E‘i Z%‘A(g 9)n+jsz+1((AWn>2 —h)| <C3h?  max  [Efle,|?].
3=0
Combining and renaming constants,

Elle, 1/°] < 4E[le,|?] +4(C h? + Cyh + C3h?)  max  E[le,,|?].

n—k+1<m<n

Then there exist constants C' > 0 and h, > 0 (depending only on Lipschitz constants, coeffi-
cient bounds and final time 7) such that for all step-sizes 0 < h < hyandall0 < n < N =
T/h,

2 2
Oglnggnﬂleml ] < Cogrnglg),gil[EHeml ].

Elle,1[?] < (1+Ch)  max [Efle,[?],

n—k+1<m<n

for some constant C independent of h, provided h is sufficiently small.
Let
M, = max Elle,,|*]

n 0<m<n
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Then it implies that

M, ., <(1+Ch)M,.

n

Iterating fromn = k£ — 1 to IV gives

My < (L+Ch)NFIM, | <e“TM, .

Hence, for all n < N,

2 < CcT 2
[Jax Elle,,|*] <e Og%_lﬁnw ],

which proves the mean-square zero-stability of the method. ]
Lemma 3.6. SDATF, is A-stable in the mean-square sense

Proof
Using Boundary locus plot, the stability plots of SDATF,, for k=2 to 10 are given in fig

3.12-3.21, showing the scheme is A-stable.
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Re(hA)
Figure 3.12: Stability plot of SDATF2 for
k=2
Stability Region of Implicit Adams-Type Method (k = 4)
1
0
-1
-3
-1 0 1 2 3 4 5

Re(hA)

Figure 3.14: Stability plot of SDATF2 for
k=4

Im(hA)

Im(hA)

Stability Region of Implicit Adams-Type Method (k = 3)

-1 0 1 2 3 4 5
Re(hA)

Figure 3.13: Stability plot of SDATF2 for
k=3

Stability Region of Implicit Adams-Type Method (k = 5)

-1 0 1 2 3 4 5
Re(hA)

Figure 3.15: Stability plot of SDATF2 for
k=5
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Im(hA)

Im(hA)

Stability Region of Implicit Adams-Type Method (k = 6)

[

Figure 3.16: Stability plot of SDATF2 for
k=6

Stability Region of Implicit Adams-Type Method (k = 8)

)

Figure 3.18: Stability plot of SDATF2 for
k=8

Im(hA)

Im(hA)

Stability Region of Implicit Adams-Type Method (k = 7)

O

-1 0 1 2 3 4 5
Re(hA)

Figure 3.17: Stability plot of SDATF2 for
k=7

Stability Region of Implicit Adams-Type Method (k = 9)

0 2 4 6 8
Re(hA)

Figure 3.19: Stability plot of SDATF2 for
k=9
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Stability Region of Implicit Adams-Type Method (k = 10)

Im(hA
o
O

Re(hA)

Figure 3.20: Stability plot of SDATF2 for
k=10
The boundary locus plots in fig. (3.12)-(3.21), shows that SDATF,, for step size k = 2 to
k = 10, the stability region includes the entire left of the complex plane, meaning that SDAT'F;,
is A-stable. The bounded region is the region of instability. In fig (3.12), the bounded region is
between [0—7], in fig. (3.13), the bounded region is between [0—3.2], in fig. (3.14), the bounded
region is between [0 — 2.2}, in fig (3.15), the bounded region is between [0 — 1.5], in fig. (3.16),
the bounded region is between [0 — 1.3]. As the step size increases, the instability(bounded)

region shrinks, and the stability region increases.

3.7 Conclusion

This chapter presented the development of families of new methods for the integration of stiff
stochastic differential equations. The methods developed in this chapter are of strong order 1
and weak order 2. SDATF, and SDATF,, are A-stable for step size for £ < 12 and k£ < 10
respectively. SDATF, and SDATF;, are not self-starting as they require another scheme to

generate starting values. The technique of boundary locus was used to plot the stability regions
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of the methods.
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CHAPTER FOUR

Numerical Experiment

4.1 Introduction

The implementation of the proposed methods on standard test SODEs are carried out in this
Chapter. The implementation procedures are outlined in section 4.2. SDATF, and SDATF;,
are implemented, results generated are compared with those of existing methods in the literature.
In some instances were exact/analytical solution exist. Result generated by proposed methods
are compared to exact solution acertain in the solution tract adequately the solution path of the

exact solution.

4.2 Implementation procedures

The SDATF, and SDATF, are implemented using the fixed point iteration. The k-step
SDATF, and SDATF;, can be applied to SODE (1.1.1) using the following steps:
Step 1: Choose a step size and final time T.
Step 2: Compute N, the number of iterative step. That is N = %, t, 1s the initial time.
Step 3: Obtain the time gride ¢,,. Thatis ¢, = {nh}fj: o
Step 4: Generate Brownian increments AW, ~ N (0, h).
Step 5: Obtain starting values using one-step method. Thatis; back value X, X, ..., N—k.

Step 6: Use fixed point iteration to resolve implicitness.

Set the initial guess X 7<’LO—0)—1 =X,.
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k
q)<Xn+1) = Xn+1 _ Xn —h Z ﬁjfn+j—k+l o hQGlGn—H
=0

J

k
+ Z ’ngn+jfk+1AWn
7=0
k
Z 77j9;1+j—k+19n+jfk+1[(AWn)Q —h] =0

J=0

N | =

Continue until convergence, that is;

HX(m-i—].)

1 —X gﬂ | < 7, where 7 is prescribed tolerance.

4.3 Standard Test problems

The following test problems are considered for the numerical experiments.

Problem 4.1. Consider the non-linear one-dimensional stiff SODE with a multiplicative noise

(cf: Brugnano et al (2000))

dX = —a(l1—X?)dt+ B(1—X2)dW(t),X, =0, 0<t<2,

a=1,, B=1, p=10""%
The exact solution to (4.3.1) is:

(14 X,)exp(—2at + 28W(t)) + X, — 1
(1+ X,)exp(—2at +26W(t)) — X, + 1

X(t) =

Problem 4.2. Consider the linear one-dimensional stiff SODE with multiplicative noise (cf: Yin
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and Gan (2015)):
dX(t) = —=20X(t)dt +5X(t)dW(t), 0<t<T, X(0)=1, (4.3.2)

whose exact solution is given by:

X(t) =exp [(—20 — % -25)t + 5W (t)| = exp[—32.5t + 5W (t)] .

Problem 4.3. Consider the non-linear SODE with additive noise:(Stochastic Nagumo Equa-

tion) (cf: Reidel and Wu (2020)) :
dX(t) = (X(t) — X3(t))dt +dW(t), te(0,1], X(0)=-3.0 (4.3.3)

Problem 4.4. Consider the linear stiff SODE (cf: Abdulle and Cirilli(2008)):

dX(t) = AX(t)dt + pX () dW (t), te[0,1], X(0)=1, (4.3.4)

where A = —103 and p = 100.
Lo
X(t) = X(0) exp <<)\ o ) £y uW(t))
Problem 4.5. Consider the 2-Dimensional vector-valued SODE (cf: Burrage and Tian (2001)):

1
dX = (U - 5v?x) dt+VXodW(t), X(0)=

) (4.3.5)
X, = , te[o,1], X e€R?
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where U and V are matrices given by:

The exact solution to (4.3.5) is:

X(t) = Pexp(p (1)) exp(p_(1)) P~ X,

where

and

py(t) = (—u — %UQ + u) t+ oW (t).

Problem 4.6. Consider the following system of 2-dimensional coupled SODEs with multiplica-

tive noise (cf: Pardoux and Zhang (2020)):

dX, = —50X, dt + 0.5dW,,

dY, = —=5Y, dt +0.1dW,, (4.3.6)

The exact solutions at each step are given by:

X(thrl) = XOeieh + UIQAWn7

Y (t,) = Yoe M+ oy0yAW,,
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where:

0= e " = 50001 ~ (.60653066,

oy = e M = 75001 1 0.95122942.

Problem 4.7. Consider the Linear system of vector-valued d-dimensional SODE (cf: Reshniak
etal 2014):

dX(t) = AX(t)dt + i BEX(t)dWk(t), X(0)= X, € R, (4.3.7)
k=1

the matrix coefficients A and B are defined as follows:

w HiF w5 15

The exact solution is given by:

X(t) = Xy exp <(A — %i(Bk)z)t - i Bka)
k=1 k=1

The numerical solution is computed for the case d = m = 5.

4.4 Methods in Comparison
The methods used in comparison are as follows:

(1) Stiffly Accurate Runge—Kutta Methods (SARKM) for stiff stochastic differential equa-
tions, (Burrage and Tian(2001)). The method is implicit stochastic Runge—Kutta schemes

adapted from the deterministic concept of stiff accuracy (the final stage equals the method’s
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(i)

(iii)

(iv)

(v)

(vi)

step value) to improve numerical stability when integrating stiff stochastic systems. The

method is convergent with order 1.

Chebyshev Methods for Stiff Stochastic Differential Equations (CMSSDSs), (Abdulle
and Cirilli (2008)). The method is a class of explicit stabilized schemes designed to
efficiently integrate stiff stochastic systems without resorting to fully implicit methods.It

has a convergent order 1.

Semi-Implicit Taylor Schemes (SITS) for Stiff Rough Differential Equations. (Riedel
and Wu (2020)). The method is a semi-implicit stochastic Taylor-type method developed
for solving stiff Rough Differential Equations (RDEs). The method is convergent with

order 1 and A-stable in the mean square sense.

An improved Milstein method (IMM) for stift stochastic differential equations, (Yin and
Gan (2015)). The method is a semi-implicit stochastic integration scheme designed to
efficiently and stably solve stiff stochastic differential equations (SODEs). It is a mod-
ification of the classical Milstein method, aiming to enhance mean-square stability and

accuracy when the drift term exhibits stiffness. It is of strong order 1.

Adams-type Methods (ATM) for the Numerical solution of Stochastic Differential Equa-
tions, (Brugnano et al 2000). the methods are a class of linear multistep methods ex-
tended to the stochastic framework for solving Ito-type stochastic differential equations

(SODEs). It is convergent with order 1.

High-order combined Multi-Step Scheme (HOCMSS) for solving forward Backward
Stochastic Differential Equations, (Teng and Zhao (2021)). The method is an advanced
numerical technique designed for efficiently solving forward—backward stochastic differ-

ential equations (FBSDEs). It is of strong order 1.
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(vii) Split step Milstein Methods (SSMM) for multi-channel stiff stochastic differential sys-
tems, (Reshniaka et al (2014)). The method is a specialized numerical approach for solv-

ing multi-channel stiff stochastic differential systems. It is convergent with order 1.

(viii) Stochastic Taylor Expansion (STE), (Pardoux and Zhang (2020)). The method is classi-
fied as a stochastic single-step method and more specifically as a Taylor-type (Ito—Taylor)
numerical method for stochastic differential equations (SODESs). It belongs to the strong
approximation family of methods because it directly approximates the sample paths of

the SODE rather than just the distribution. It is of strong order 1.5.

(ix) Split step Adams-Moulton-Milstein (SSAMM) method, (Reshniak et al (2014)). The
method is a semi-implicit, multi-step stochastic scheme that combines the stability ad-
vantages of the implicit Adams—Moulton approach with the accuracy of the Milstein cor-

rection. The method achieves strong order 1.0 and mean-square A-stability.

(x) Modified split step Adams Moulton Milstein (MSSAMM) method, (Reshniak et al (2014)).
The method is a semi-implicit, multi-step stochastic integration scheme designed for stiff
SODEs. It combines the implicit Adams—Moulton formula with the Milstein correction,
and introduces a stability modification term to enhance mean-square A-stability. The

method achieves strong order 1.0.

METRICS

The following metrics of measurements are used in this study:

i Absolute Error (AE)

ii Pathwise Error (PE)

iii Global Mean Square Error (GMSE)
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iv Strong Error (SE)

v Mean Square Error (MSE)

vi Relative Mean Square Error (RMSE)

4.5 Results

Table 4.1: Global mean-square Error (GMSE) for test problem 1, for k=2,a =1,5 =1

> ATM (p=1) | SDATF, (p =1) | SDATF, (p = 1)
0.125 1.43E-01 1.22E-02 1.20E-02
0.0625 7.74E-02 2.94E-03 2.90E-03

0.03125 3.95E-02 7.31E-04 7.20E-04
0.015625 | 2.14E-02 1.82E-04 1.80E-04
0.007812 |  1.00E-02 4.52E-05 4.50E-05
0.003906 | 4.68E-03 1.12E-05 1.10E-05
0.001953 |  2.60E-03 2.79E-06 2.80E-06
0.000977 | 1.38E-03 6.93E-07 6.90E-07

Table 4.2: Global mean-square Error (GMSE) for test problem 1, for k=2, = 1,5 = 1074

3 ATM (p=1) | SDATF, (p =1) | SDATF, (p=1)
0.125 4.18E-04 4.54E-05 4.50E-05
0.0625 4.96E-05 1.14E-05 1.10E-05

0.03125 6.03E-06 2.85E-06 2.80E-06
0.015625 |  7.51E-07 7.13E-07 7.00E-07
0.007812 |  9.81E-08 1.78E-08 1.70E-08
0.003906 | 1.45E-08 4.44E-09 4.30E-09

Table 4.3: Mean square Error (MSE) for the test problem 2
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h IMM Error (p = 1) | IMM EOC | Milstein Error (p = 1) | Milstein EOC | SDATF, (p =1) | AEOC | SDATF, (p=1) | BEOC
0.031250 8.2860E-1 - 1.49090 - 1.0262E-1 - 9.954E-2 -
0.015625 3.9750E-1 1.06 7.9910E-1 0.90 5.111E-2 1.00 4.873E-2 1.03
0.007812 1.9440E-1 1.03 4.1360E-1 0.95 2.536E-2 1.01 2.431E-2 1.00
0.003906 9.790E-2 0.99 2.0820E-1 0.99 1.266E-2 1.00 1.228E-2 0.98
0.001953 4.850E-2 1.01 1.0530E-1 0.98 6.31E-3 1.00 6.13E-3 1.00

Table 4.4: Pathwise error (PE) for the test problem 3
h SITS (p=1) | SDATF, (p=1) | SDATF, (p=1)
0.007813 | 2.9995E-2 2.8200E-2 3.0100E-2
0.003906 | 1.6201E-2 1.5600E-2 1.6500E-2
0.001953 | 8.3910E-3 8.2000E-3 8.7000E-3
0.000977 | 4.0810E-3 4.0000E-3 4.3000E-3




Table 4.5: RMSE for test problem 4

h CMSSDEs (p=1) | SDATF, (p=1) | SDATF, (p = 1)
0.25 1.223E-1 9.040E-2 9.805E-2
0.125 3.607E-2 2.857E-2 2.923E-2

0.0625 8.807E-3 8.117E-4 7.331E-3
0.03125 2.043E-3 1.6112E-4 1.938E-3
0.015625 4.913E-4 2.858E-4 4.656E-4

Table 4.6: Absolute Error (AE) for the test problem 5, v = 0.1

h | SARKM (p=1) | SDATF, (p = 1) | SDATF, (p = 1)
0.25 1.305E—4 1.701E—4 1.911E—4
0.125 | 2.267E—4 1.760E—4 1.965E—4

0.0625 | 1.147E—4 1.137E—4 1.159E—4

Table 4.7: Absolute Error (AE) for the test problem 5, v = 5

h | SARKM (p=1) | SDATF, (p = 1) | SDATF, (p = 1)
025 | 4.878E—6 1.0SE—4 131E—4
0.125 3.84E—7 2.41E—7 3.01E—7

0.0625 | 1.26E—7 1.36E—8 1.95E—8

Table 4.8: Absolute Error (AE) for test problem 6 for X-component

Step | t, | AW, | STE-X | SDATF,-X | SDATF,-X
0 10000 — | 0.0000 0.0000 0.0000

1 |0.010| 0.020 | 1.081E-1 | 1.081E-1 1.081E-1

2 ]0.020 | -0.030 | 5.613E-2 | 3.392E-2 4.091E-2
310030 | 0.010 | 5.145E-2 | 1.315E-2 2.112E-2
4 |0.040 | 0.015 | 3.863E-2 | 2.033E-2 3.631E-2
5 10.050 | -0.025 | 3.542E-2 | 1.951E-2 2.953E-2

Table 4.9: Absolute Error (AE) for test problem 6 for Y-component

Step | t, | AW, | STE-Y | SDATF,-Y | SDATF,-Y
0 0.000 — 0.0000 0.0000 0.0000
1 0.010 | 0.020 | 3.36E-2 4.16E-2 2.13E-2
2 0.020 | -0.030 | 4.27E-2 5.07E-2 4.033E-2
3 0.030 | 0.010 | 5.45E-2 6.23E-2 3.76E-2
4 0.040 | 0.015 | 6.60E-2 7.38E-2 5.667E-2
5 0.050 | -0.025 | 7.57E-2 8.33E-2 6.586E-2
Table 4.10: Strong error (SE), for test problem 7
h DSSBM MSSBM SSAMM- | MSSAMM | SDATF, | SDATF,
0.5 2.207E—1 | 3.335E—1 | 1.243E—1 | 1.977E—1 | 1.876E—1 | 1.876E—1
0.25 1.148E—1 | 1.340E—1 | 8.368E—2 | 1.029E—1 | 8.269E—2 | 8.309E—2
0.125 6.241E—2 | 5.988E—2 | 4.683E—2 | 4.641E—2 | 3.952E—2 | 3.981E—2
0.0625 3.480E—2 | 3.159E—2 | 2.361E—2 | 2.425E—2 | 1.945E—2 | 1.955E—2
0.03125 | 1.511E—2 | 1.572E—2 | 1.339E—2 | 1.439E—2 | 9.611E—3 | 9.707E—3
0.015625 | 7.090E—3 | 8.037TE—3 | 6.760E—3 | 6.411E—3 | 4.851E—3 | 4.981E—3
0.007812 | 3.960E—3 | 4.354E—3 | 3.637TE—3 | 3.294E—3 | 2.460E—3 | 2.529E—3
0.003906 | 2.112E—3 | 1.901E—3 | 1.575E—3 | 1.774E—3 | 1.319E—3 | 1.324E—3
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4.6 Results and Discussion

ATSDF,, ATSDF,, and ATM both of strong order 1 were applied over the interval ¢ € [0, T'|
on test problem 1. The Mean square global error, Brugnano et a/ (2000) is presented in table
4.1 and table 42 fork = 2, = 8 = 1, « = 1 and B = 10~* respectively and the results
showed that AT'S DF,, generate the best result in terms of accuracy compare to other methods.
The proposed method demonstrate superior performance in accuracy over other methods in
comparison. The solution plot for SDATF, and SDATF, together with the exact solution is

shown in Fig 4.1. This plot shows satisfactory approximation as the proposed methods mimic

the exact solution in the trajectory.
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Figure 4.1: Solution to test problem 1.

For problem 2,SDATF,, SDATF,, IMM and Milstein methods of order 1 were applied
on the interval 0 < ¢ < T'to the test problem 2. The mean square error, Yin and Gan (2015), is
presented and results together with their Experimental Order of Convergence in table 4.3 shows
that AT'S DF, generate the best results in terms of accuracy . The numerical solution and the

exact solution are presented in fig 4.2, this shows that the methods are effective.
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Comparison of ATSD1, ATSDF2 vs Exact Solution

Exact
----- ATSDF1
-------- ATSDF2

08

X(t)
o
)

04

0.0 0.5 1.0 1.5 2.0
Time t

Figure 4.2: Solution to test problem 2.

SDATF,, SDATF,, and SITS were applied on the interval ¢ € [0, 1] to test problem 3.
The pathwise error, Riedel and Wu (2020) when compared to the reference solution obtained
via a finer step size of .. ; = 2714 is presented in table 4.4. The results shows that AT'SDF,
produces the best results than other methods. The approximate solution and exact solution are

presented in Fig 4.3.
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Comparison of Exact, ATSDF1 and ATSDF?2 for dx = (x — x*3)dt + dW(t)

0.0

Exact
----- ATSDF1
----- = ATSDF2

-0.5

-3.0

0.0 02 04 06 08 1.0

Figure 4.3: Solution to test problem 3

For test problem 4, SDATF,, SDATF,, and CMSSDEs of order 1 were applied and Rel-
ative Mean Square Error computed on the interval [0, 1]. The results were compared to Abdulle
and Cirilli (2008) as seen in table 4.5, which shows that AT'SDF,,, generate the best results.

The solution plot of SDATF,, SDATF,, with exact is shown in Fig 4.4.

Exact
----- ATSDF1
ATSDF2

Figure 4.4: Solution to test problem 4
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For Test Problem 5, the SDATF,, SDATF,, and SARKM of order 1 were applied on
the interval ¢ € [0, 1] for v = 0.1, = 5 to a two-dimensional linear SDE of a Stratonovich
form. The mean of the Absolute error, Burrage and Tian (2001) is presented in table 4.6 and 4.7,
and the results shows that SD AT F , performed marginally better than SD AT F,, and SARKM
techniques. From the solution plot of the approximate and exact solution in fig 4.5, it is observed

that the proposed methods mimic the exact solution trajectory.

Comparison of Exact vs ATSDFL vs ATSDF2

05

Time

02 04 06 08

Figure 4.5: Solution to test problem 5

For Test Problem 6, the SDATF,, SDATF,, of order 1 were applied to a system of stiff
SDE. The results of the methods were compared to STE of Pardoux and Zhang (2014) of order
1.5, using h = 0.01. The AT'SDF, perform better in X-component while AT'SDF, perform
better in Y-component. The strong error are shown in Table 4.8 and 4.9. The solution plots in

shown in Fig 4.6 and 4.7.
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Comparison of X: Exact vs ATSDF2 vs ATSDF1
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Figure 4.6: Solution to test problem 6
Comparison of Y: Exact vs ATSDF2 vs ATSDF1
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Figure 4.7: Solution to test problem 6

Test Problem 7 was solved using AT SDF,, ATSDF,, of order 1, and computed d =
m = 5. The strong error were compared to the DSSBM, MSSBM, SSAMM and MSSAMM
of Reshniak et al (2014) and the results are displayed in Table 4.10. The SDATF}, returned
better accuracy than the other methods in comparison. The solution plot is shown in Fig 4.8.
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Exact vs. ATSDF1 and ATSDF2

' Exact
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Figure 4.8: Solution to test problem 7

4.7 Conclusion

Numerical experiments were conducted on a set of standard benchmark SODEs commonly used
in the literature to assess the performance of numerical schemes. The newly developed methods
in this study were applied to standard test problems to evaluate their accuracy, and efficiency.

Due to the presence of implicit terms in the proposed methods, the resulting nonlinear equa-
tions at each time step were resolved using an iterative fixed-point approach, ensuring conver-
gence to the numerical solution within a prescribed tolerance.

The computed numerical solutions obtained from the proposed methods were then compared
with results produced by standard methods in the literature.

Furthermore, graphical illustrations were provided by plotting the numerical solutions along-
side the corresponding exact or analytical solutions, allowing for a clear visualization of the
accuracy and of the developed methods. These comparisons demonstrate the effectiveness and

robustness of the proposed schemes in approximating the true dynamics of SODEs.
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CHAPTER FIVE

Summary and Conclusion

5.1 Introduction

This study is devoted to the development of Second Derivative Adams Type Eormulae (SDATF)
for the numerical integration of stiff Stochastic Ordinary Differential Equations (SODEs). The
motivation stemmed from the well-known challenges of stiffness in SODEs, which can cause
conventional explicit schemes to become unstable or inefficient. To address these issues, fam-
ilies of Adams-type methods incorporating Second Derivative terms were proposed and ana-

lyzed.

5.2 Summary

In Chapter one, background on methods for handling SODE (1.1.1) was introduced. Numerical
Methods for integrating stiftf SODE (1.1.1) were highlighted. Some basic terms were defined.
Some real life example were highlighted, with motivation to the study stated, and problem
statement highlighting the gap this study is designed to fill, aim and objectives of the study
were listed. In Chapter two, a chronological review was taken at the developmental stages and
evolution of methods designed for the integration of stiff SODEs with intension of identifying
gaps in the literature. In pursuit of the stated objectives in Chapter one, two families of methods,
denoted as SDATF) and SDATF,, , were derived in Chapter Three and subjected to rigorous

theoretical analysis. Their stability properties and order of convergence were investigated, with
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particular emphasis on mean-square stability, which is essential in the context of stochastic
systems. Chapter four was on the implementation of the proposed methods. Standard test
problems were applied to methods proposed in Chapter Three, and the results were compared
with that of the methods in the literature. Numerical solutions were also compared with the exact
exact solutions. The study confirmed the efficiency and improved performance of the proposed
schemes when compared with existing methods in the literature. Therefore, these methods
provide reliable tools for solving stiff stochastic differential equations commonly arising in

real-world applications.

5.3 Findings

The findings from this study are as follows: The method SDATF is A-stable for step numbers
up to k < 12, while SDATF, is A-stable for step numbers up to £ < 10. For both methods,
the instability regions shrink as the step number k increases, indicating that the stability regions
enlarge for higher-order schemes. In terms of convergence, SDATF; and SDATF, are strongly
stable of order 1 and weakly stable of order 2. Additionally, both methods exhibit mean-square
stability, ensuring that the numerical solutions remain reliable over long integration intervals. It
is important to note, however, that neither SDATF; nor SDATF, is self-starting, and therefore

suitable starting procedures are required to generate the initial values of the multi-step sequence.

5.4 Contribution to knowledge

The study has contributed to knowledge in the following ways:

1. second derivative formulae for the treatment of initial value problems in Stochastic Dif-

ferential Equations introduced.

2. second derivative formulae that are zero stable apriori are developed.
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3. A-stable second derivative formulae are derived.

5.5 Area for future Research

Based on the results obtained in this study, the following areas are recommended for future
research:

Development of self-starting variants of SDATF methods to eliminate the need for external
starting schemes.

Extension of the methods to stochastic differential equations with jumps or driven by Lévy
processes.

Investigation of adaptive time-stepping strategies combined with SDATF methods to im-
prove computational efficiency.

Application of the developed methods to real-world stiff stochastic models in finance, biol-

ogy, and physics to validate their practical performance.

5.6 Conclusion

The study has successfully developed and analyzed two families of second derivative Adams-
type formulae (SDATF, and SDATF,) for the numerical integration of stiff stochastic dif-
ferential equations (SODESs). The theoretical analysis and numerical experiments collectively
demonstrate that the proposed schemes possess desirable stability and convergence properties,
which are essential for the accurate and efficient simulation of stiff stochastic systems.

In particular, the results reveal that both methods are A-stable for practical step sizes, ensur-
ing that numerical solutions remain bounded even for highly stiff problems. Furthermore, the
schemes exhibit strong and weak convergence of appropriate orders, indicating their ability to
approximate individual sample paths as well as statistical moments of the exact solution with

high fidelity. The mean-square stability analysis confirms that the proposed methods maintain
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long-term numerical stability in the stochastic sense, a crucial requirement for integrating stiff
SODE:s over extended time intervals.

Comparative numerical experiments against standard methods in the literature show that the
proposed methods achieve higher accuracy with fewer computational steps, thereby offering a
favourable balance between stability and efficiency. Moreover, the inclusion of second deriva-
tive terms enhances the damping of stiffness-induced oscillations, improving both the numerical
robustness and precision of the computed solutions.

Overall, these properties establish SDATF; and SDATF, as reliable and computationally
efficient numerical integrators for solving stiff stochastic models commonly encountered in
fields such as chemical kinetics, population dynamics, control theory, and financial mathemat-
ics. Their combination of strong mean-square stability, convergence, and efficiency makes them

promising tools for practical applications requiring high-accuracy stochastic simulations.
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