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ABSTRACT

The primary objective of Random Walk Theory is that it suggests the changes in a
particular element e.g. stock price, having the same distribution and are
independent of each other. Therefore, it assumes that the past movement or trend
of maybe a stock price cannot be used to predict its future movement. Random
Walk Theory have crucial point of conversation in ballot theorem, Markov process
and gambler’s ruin. Though, various kind of Random Walks are of interest, which
can vary in more than one way. The term itself most often refer to an extraordinary
class of markov chain. Random Walk theory can actually take place in variety of
spaces: usually concentrated ones include graphs, others on the integers or the real

line in the plane or higher dimensional vector spaces on curved surfaces.

Next we discussed the application of Random Walk Theory in relation to

gambler’s ruin, we furthermore look into this and then concluded.
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CHAPTER ONE

INTRODUCTION

1.1 Background of the study

Random work theory was first authored by French mathematician Louise Bachelier,
who accepted that share price movement resemble the means taking by a drunk

(has an unpredictable walk). However, the theory became famous through the work
of Economist Burton Markiel who took it to the stock market and concurred that

stock costs follow a totally irregular way, that is, random path.

Random walk theory can be a financial or monetary model which accepts that the
stock exchange moves in a total eccentric r unpredictable manner. The speculation
recommends that the future stock is free of its own authentic development.
Random walk theory accepts that types of stock investigation, both technical and

fundamental are reliable.

The probability of a share cost expanding at some random time is actually

equivalent to the probability that it will diminish.

L.e. probability of increase in cost = probability of decrease in cost



Truth to be told, Burton contented that a blind folded animal, say monkey to be
precise could also randomly choose an arrangement of stocks that would do similar

as well as a portfolio carefully chosen by an expert.

1.2 AIMS AND OBJECTIVE OF RAMDOM WALK THEORY

Random walk theory also has applications to designing, and numerous logical
fields including nature, psychology, software engineering, economics, physics,
chemistry and also sociology. Random walk clarifies the noticed behavior many
cycles in these fields and hence fill in as a principal model for the recorded
stochastic action. As a more numerical application the value of pi () can be used

by the utilization of random walk in a specialist bases random walk.

Random walk theory also suggests that changes of stock cost have a similar
distribution and are autonomous or independent of one another. Along this line, it
expects the previous development or movement or pattern of a stock cost can't be

used to foresee its future development.

Various kind of random walk are of interest which can vary in more than one way.
The term itself most often refers to an extraordinary class of Markov chain.
Random Walk can actually take place in variety of spaces, usually concentrated
ones include graphs, on the integer or the real line in the plane and higher

dimensional vector space on curved surfaces or higher dimensional Riemannian
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manifolds and furthermore on groups limited and limited produced. The time
boundary can likewise be controlled or manipulator. In the least difficult setting,
the random Walk is in discrete time, that is a group of random variables X;= xi,
X2, ... Ordered by normal numbers. Notwithstanding, it is likewise possible to
characterized random walk which takes their steps at irregular times, and all things
considered, the position X(t) must be characterized for all times, that’s 0<t<< oo
Explicitly, cases or limit of random walk incorporate the levy flight and dispersion
models, for example is the Brownian movement, linked to the Brownian motion in

physics.

Random walks are crucial point of conversations of Markov process as well as
gamblers ruin. Their numerical review has been broad which will be later
discussed on this scheme. A few properties including dispersal appropriations, first
entry or heating times, experienced rates, recurrence or transience have been

introduced to measure their conduct.

1.3 IMPORTANT DEFINITION IN RANDOM WALK THEORY

DEFINITION 1: Path of a random walk

Let k>0 be an integer and let S(n), n=1(1)k be defined as

11



T
s, =0 and 3._”=ZX?., n=1,2, ...and

=1

5,=X. A given path (51,52,33 ...Sk)

Jfrom the origin to the point (k,x)
1s the line through the points. That

is, (0,0), (1,81), (2,32), (k,sk).
There fore a path of length k is any
path for (0,0) to (k,sk)

Example: construct the path of a random walk where the following steps are given

-1,1,1,-1,1, 1)
Solution:

There are exactly 6 steps in the work with four positive move (forward i.e. 1) and

two backward movements 1.e. —1.

We then have So=0. We therefore use Sy+1 =Si+Xun+1. Where X, denotes the

movements, and S, denotes the position at n steps where n=1(1)6.

S1= Sot+Xi=0-1=-1

So=S1+Xo=—-1+1=0

S3= S+ X3=0+1=1

Si= S3tX4=1-1=0

Ss= S4+Xs=0+1=1

Se= S5+ Xe= 1+1=2

The figure below shows the path of the random walk.

12



K=0

<z ‘<<\z
K=2

K=3 -<1

K=5

F|g1

Where the double line in figure one denotes the path of length k=6 from (0,0) to

(6,56).
1.3.1 DEFINITION 2: length of a random walk

In a random walk of length k, we have k steps in which at each epoch there are two
options of moving according to Fig.1, either to the positive or the negative axis.
And since we are presented with two options e have 2¥ paths of k length. Let's then
take the probability of moving to the left and to the right is q and p respectively,

therefore the probability of each path is;

p™q*™ when there are (k—m) steps to the negative axis and m steps to the positive

axis. And the if p is equal to q the probability at each path is

(1/2)m(1/2)(k—m):(1/2)m+kfm:2-k

13



Definition: A random walk said to be symmetric one if p=q="2

1.3.2 DEFINITION 3: A path from the origin to an arbitrary point (k,x): To be
able to have a path from the origin to an arbitrary point (k,x), we must have the
value of k on the positive integer line and we must have the value of Sk =X in the
case where k is a positive integer and Si#X, therefore we conclude there is no path
from the origin to (k,x), but in the case where is a positive integer and Si=X then

there is clearly a path from the origin to (k,x).

Assume there exist a path from the origin to the point (k,x). Then k is the length of
the path and there exist 2x paths of length k. Take X1, X2, X3, ..., Xk to be the step of

the k random walk and

k k k
X=SI=EX,=EX+—EX,_
¥ o=l v oge ® !

Log=1

Which implies that; X=p—q and also, k=p + q.

14



CHAPTER TWO
GENERAL ORIENTATION

Let us consider the movement of a particle along a straight line. Let x; denote the
steps taken by the particle at a particular time i, where i= 1,2,3, ..... Since the value
of x; does not have to follow an already made pattern or unpredictable, we say the
movement is a Random walk. A Random walk is a good model use for many
practical cases such as in chemistry (movement of particles), physics (Brownian
motion), Foraging (animal moving randomly n search of food), share price (such as

the price of petroleum in Nigeria), gamblers ruin etc.

Then it is represented mathematically by the assignment of values and probabilities
to x;. Where x; can take the value of the positive one or the negative one with the

probability of p and g=1-p respectively. And let,

11

s =0,s, =2ux. ,wherek=1,2,...n
0 k 1 ¢ 4

Sn denotes the random walk and x; i=1(1) n is called the step while n is the total
number of steps taken. Let us consider the tossing of a fair coin where by when the

head is shown is +1 and the tail attracts —1 or alternatively we can consider rolling
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of a die whereby assigning +1 to odd numbers and —1 to even numbers, and clearly

Skr1= Skt Xk+1

A graphical representation of random walk can be in form of one dimension or two

dimensions, just in the case of random walk of integers.

Example.

N 0 1 2 3 4 5 6 7 8 9

Xn 0 -1 1 1 1 1 -1 |-1 1 1

Sn 0 -1 0 1 2 3 2 1 2 3

2.1 The reflection principle

According to the conventional perspective, we will be worried about the courses of
action or arrangements of finitely addition of ones or subtraction of ones.
Considering n=p+q symbols ai, az, ..., an, each representing positive or negative
one; suppose p represent +1 and q represents —1. The partial sum Si= ai+ax+...+ax
represents the difference between the number of addition and subtraction that took

place at the first terms. So,

Sk—Sk-1==%1, So=0 and Sp=p—q ..eveervveernnnn. (1)




Where k=1(1) n

Definition: Let n>0 and x be a set of integers. A path (Si, S, ..., Sn) from the
origin to the point(n,x) form a polygonal path whose vertices have abscissas
0,1,...n and ordinate So,S1,...,Ss, satisfying equation(1) with S,=x. Representing n

as length of paths and there are 2" paths of length n.

If p among the ax are positive and q are negative, therefore

P+g=n, p—q=X cccvvvrerenne. (2)

A path from the origin to any out of all possible point (n,x) exist only if n and x

obeys equation (2)

Concerning this case, the p places for the positive ak can be chosen from the

n=p+q available places in N(n,x) different ways,

Nx)=("5")=(p+a)C,

_ (p+q)! _(p+a)!
(p+q—p)!p!  plq!
which implies that;

N = =) (3)

For the case of conveniences, we define N(n,x) equals zero whenever n and x does
not go with equation (2). In relation to this gathering, there exists N(n,x) different
routes or paths from the origin to an arbitrary point (n,x).

17



2.2 LEMMA (REFLECTION PRINCIPLE)

The number of paths from A to B which touches the x-axis equals the number of

all paths from A' to B.

PROOF: Considering a path from A to B having more than one or more vertices
on the t-axis (Sa, Sa+1 ..., Sp). Let t be the abscissa of the first of the vertices;
therefore, we choose t so that S;>0, ..., Si-1>0, S=0. Then (-Sa, —Sa+1, ..., —St1,
S=0,S¢+1,S¢+2,...,5p) 1s a path starting from A' to B and having T=(t,0) as it initial
vertex on the t-axis. The part AT and A'T being reflections of each other, and there
exist a balance correspondence between all paths from A' to B and such paths from

A to B that have a vertex on the axis.

2.3 THE MAIN LEMMA

To act in accordance with the notations to be later used in this scheme, we shall
denote the individual steps comprehensively by xi, X2, ... and the positions of the

particle by Si, So, ...

Thus, Si=x1+x2+...+xn, Where So=0 .......... 4)

From any particular path one can read off the corresponding values of xi, xo, ... ;

that 1s, Xk are functions of the path.
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For example: given the diagram

O N

Clearly X1, X> and X4 can be classified as positive one and X3, Xs and Xs as

negative one, that is X1=X,=X4=1 and X3=Xs=X¢=—1

Generally, we shall describe all events by listing by listing the appropriate
conditions of the sum Sk. Thus, the event "at specified time n, the particle is at the
point x" will be represented by {S,=x}. Then for the probability we have P,;. The
number N, having paths from the origin to the point (n,r) is given by equation 3

and hence;

And a return to the origin occurs at epoch k if Si=0. Here K is usually even, and
for k =2v. The probability of return to the origin equals P2y,0, because of the
frequent occurrence of this probability we denote the probability of return to the

origin by Uz, which implies that,

19



Unv= (%) 2% s (6)

Simplified from equation (5).

And looking at the return to the origin, the first turn command special attention to

itself. A first return occurs at epoch 2v if
S1#0, ..., Sov-170, but S»,=0

Fo is usually taken to be zero by definition, and the probability for this event is
denoted by F»,. The probabilities F»y and U, are related in a notable manner. A
visit to the origin at epoch 2v may be the first return, or else the first return occurs
at epoch 2k<2v, and it is followed closely by a renewed return 2v—2k time units
later. The probability of the later contingency is FakUav_2k because there are 22KFok
paths of length 2k ending with a first return, and 2?V->U,y.ox paths from the point

(2k,0) to (2v,0). It then implies that,
Usy= FoUzvotFaUzvat. . . +F2yUo, v21 i, (7)

2.4 RANDOM WALK PROBABILITY OF RETURNING TO THE ORIGIN

AFTER n STEPS

Assuming that the walk starts at x=0 with steps to the positive axis and the
negative axis, going with probability p and q=1-p respectively. Let Xn denotes the

position of the walker and we write the position Xn after n steps as;
20



Xo=Rp—Ln= PqQ e (8)

Where Rn is the number of positive steps and Ln number of negative steps,

therefore the total steps n can be calculated as;

Which implies that,

L,=n—-Rx

Xo=Ran+R,

X,=2R,—n

Ri="2(01Xn) oo (10)

The equation (10) will be an integer only when both n and X, are both even or both
odd, that is to move from the origin to X=9, it is a must we take an odd number of

steps.

Now, we let P, x be the probability that the work is at state x for n steps assuming

that x is a positive integer. Therefore,

Pux = P(Xy=x)

=P(R="2(n+x))

Rn is given as a binomial random variable with index n with probability P.since the
walker can either move to the right or not at every step, and the steps are

independent, then
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Pm=(+)wmm¢%Wﬂ .............................. (11)

2

an — ( . )Pl/z(n+x) ql/z(nfx)

2

Where (n,x) are both even or both odd and —n < x > n. Note that a similar argument

can be constructed if x is a negative integer.

For symmetric case p="%. Starting from the origin, there are 2n different paths of
length n since there is a choice of right or left move at each step. Since the number
of steps in the right direction must be Y2(n+x) and the total number of paths must

also equal the number of ways in which %2(n+x) can be chosen from n.

That is;

Nn,x: (+>
"2

Where, n=p+q and x=p—q

N (1)
X o
Now= (1)

Provided that Y2(n+x) is an integer

By counting rule, the probability that the walker ends at x after n steps is given by
the ratio of this number and the total number of paths (since all paths are equally

likely). Therefore,
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— ()

The probability P, is the probability that the walk ends at state x after n steps. The
work should have overshot x before returning there.

2.4.1 PROBABILITY OF FIRST RETURN

A related probability d the probability that the first visit of position x happens at
the nth step coming up next is expressive determination of the related probability
generating functions of the symmetric random walk, in which the walker starts at

the origin, and we consider the probability that it returns to the origin.

From equation (11) the probability that a walker.is at the origin at step n is,

PnX: ( N ) P1/2(H+X)qn71/2(n+X)
2 .

— (;0) (%)Vzn(%)l/zn

2
= (7) 2=y, (N=2,4,6, ...) e (12)

Therefore, on is the probability that after n steps the position of walker is at origin.

And it is therefore assumed that P, equals zero if n is odd. From equation (12),

generating function can be constructed;

G(s)= °°:0
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GE= oz (*) 2 (13)

Note that Po=1, and G(s) is not equal tol, for it is not a probability generating

function.

Therefore, the binomial coefficient can be re-arranged as follows;

()52 =(-1)n<_%> 27 (14)

Then using equation (12) and (13)

G(s)= oz (—1) <_%> 292 = (1= Yoo (15)

By binomial theorem, provided |s|<1. Note that these expansions guarantee that
P,=0ifn is odd. We should also be informed that the equation (14) does not sum
to one. This is called defective distribution which still gives the probability that the

walker is at the origin at step n.

We can also estimate the behavior of P, for n by using the Stirling's formula

(asymptotic estimate for n! for large n), that is as n — oo.

1
nl=+v2 Tz

From equation (11)

24



Pzn%(z):%%: :%

As n becomes so large, therefore nP,—0, support supporting the notion that series

[ee] .
_o mustdiverge.

Example 1:

Consider a random walker who starts from Xo = 0, find the probability that after n

steps, the position is 3? Let n =5
Solution
n=5, i.e. number of steps while X=3 i.e. position of steps; p=5=0.6

Therefore, the positive and negative steps are;

Ry=Y2(n+x) =Y (5+3) =4

And; X,=Rn+L,

Ls= Rn—Xn = 4-3=1

The values can well still be represented on a number line. Therefore, the

probability that the event Xs=3 will occur in a random walk given that p=0.6 and

q=0.4 is

P(X5=3) = <533> 0.6%43+5)0 4453

= () 0.6)*0.4)

25



=0.2592

And the probability of returning to the origin is given by Ps=0, because n is odd
and the probability is zero (that is, it can never return to the origin), and if we had
to calculate the probability will be greater than 1, which declaims the law of
probability.

EXAMPLE 2:

Also consider a random walk on an integer number line from Xi=0, calculate the

probability of returning to the origin after 4 steps?
SOLUTION:

For probability of returning to the origin

And n=4, which is the number of steps

1

Pa=0)= (5)

_ 4 3
= =0.375

2.5 THE BALLOT THEOREM

Suppose that in an election having contestant’s F and G. In a ballot where

candidate F scores f votes and candidate G scores g votes in a total of H accredited
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voters, where g<f. The probability that throughout the voting, candidate F will

always be strictly ahead of G equals (f—g)/(f+g).

The outcome was first published by W.A. WHITWORT in the year 1878, but was
later named JOSEPH LOUISE BERTRAND, who rediscovered it in 1887. This

theorem is proved by reflection, induct induction and permutation.

PROOF BY REFLECTION

For F to be strictly ahead of G all through the counting of the votes, there can be no
ties. Separate the counting successions as per the primary vote. Any arrangement
that starts with a vote in favor of G must arrive at a tie sooner or later, in light to
the fact that F wins eventually. For any grouping that starts F and arrive at a tie
reflects the vote up to the point of the first tie (so any F turns G, as well as the
other way round) to acquire a succession or sequence that starts with G.
Henceforth, every grouping that starts with F and arrives at a tie is unbalanced
correspondence with an arrangement that starts with G, and the probability that a
sequence starts with G 1s g/(f+g), so the probability that F always leads the votes

equals,

= 1— (the probability of sequences that tie at some point)

27



=1- (the probability of sequence that tie at some point and begin with either F or

G)

=1-2(a/p*q) =(p—9)/(p+q)
PROOF BY INDUCTION: By mathematical Induction.

e We release the condition g<f to g<f. Obviously, the theorem is correct when
f=g, since for this situation, the first candidate will not be strictly or totally
ahead after every one of the votes have been counted (so the probability is
Zero).

o C(learly, the theorem is valid if £>0 and g=0 when the probability is 1,
considering that is first candidate gets every one of the votes; it is likewise
true when f=g>0 as we have recently seen.

e Accept itis also valid when f=a—1 and q=b, and when f=a and q=b—-1, with
a>b>0. Then looking through the case f=a and g=b, the last vote counted is
either for the principal candidate i.e first candidate with probability a/(a+b)
or for the second with probability b/(a+b). So the probability of the first
being ahead all through the build up to the penultimate vote counted (and
furthermore after the last vote) is given by ;

e And so itis true for all f and g with p>g>0.

PROOF BY PERMUTATION
28



A straightforward proof depends on an excellent cycle lemma of
DVORETZKY and MOTZKIN, call a ballot sequence overwhelming.
Assuming F is strictly in front of throughout the counting of the votes. The
cycle lemma declares that any sequence of f F's and g G's, where g<f has
definitely f—g ruling cyclic changes. To see this, simply arrange the given
sequence of f+g F's and G's all around and, over and again eliminate nearby
matches FG until just f~g F's remain. Every one of these F's was the beginning
of a ruling cyclic change prior to anything was eliminated. So f—g out of the f+g

cyclic changes of any arrangement of f F's votes and g G's votes.

EXAMPLE

Suppose there are five voters, of whom 3 votes for candidate F and 2 votes for
candidate G which implies p=3 and q=2. There are ten possibilities for the order

of the cast, getting this from the combinatorial analysis i.e °C>=10

VFFFGG VFFGGF VGFGFF

VFFGFG VFGFGF VGGFFF

VFGFGG VGFFGF

VGFFFG VFGGFG

29



For the first arrangement which is FFFGG, the tally of the votes as the election

progresses 1s

Candidate F F F G G
F 1 2 3 3 3
G 0 0 0 1 2

For every selection the count for F is bigger all the time than the count of G, so F is
bigger all the time than the count of G, so F is strictly ahead of G. For the

arrangement FFGGF, the count of the votes as the political race advances is;

Candidate F F G G F
F 1 2 2 2 3
G 0 0 1 2 2

For this arrangement, G is tied with G after the fourth vote, so F is not strictly or

totally ahead of G all the time. And of the ten potential arrangements, F is ahead of

30




G all the time only for FFFGG and FFGFG, so the probability that F will

constantly be strictly

ahead of G 1s %

And looking at the formula the theorem predicts, which is;

- 32

1
+  3+2 %

Then it is indeed equal.

So, rather than figuring the probability that the random vote counting arrangement
as the ideal property, one can rather register the quantity of good counting orders,

then divide by the total number of ways in which the votes might have been
counted. The absolute number of ways is the binomial coefficient ( N ) ; The

proof shows that the number of good arrangement in which the vote is supposed to

be counted is;
("29)-("3)

Then after solving explicitly and divided, we have;
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CHAPTER THREE

THEOREMS AND PROOFS

3.1 LAST VISIT AND LONG LEADS

3.1.1 THEOREM: (Arc sine law of last visits)

The probability that up to and including epoch 2n the last visit to the origin occurs

epoch 2k is given by Az on= UaUzn2k, k=0,1,2, ..., n

PROOF: We are majorly concerned with paths satisfying the conditions Sx=0 and
Sok-170. The first 2k vertices can be selected in 22U different ways. Taking the
points (2k,0) as new origin using P {S1#0, ..., S2x:#0} = P{S2,=0} =U>,, we see that

the next (2n-2Kk) vertices can be chosen in 22"2KU,, o« ways. Divided by 22" we get;

Ax2.2n= UsUzn 2k, k=0,1, ..., n.

It follows from the theorem in the above equation add to one. Then the probability
distribution which attaches weight Ak 2, to the point 2k is referred to as THE

DISCRETE ARC SINE DISTRIBUTION OF ORDER n, because Arcsine function
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provides excellent numerical approximations. The distribution is symmetric in the

sense that;

Aokon= An. For n=2

Which implies that k=0,1,2

for k=0

Anca= Ass

For k=1

Aok 4= Aoy

For k=2

Aosk4= Aos

Using Aok 2n= U2kUan 2k, k=0,1,2
A4 4= UsUg

Uov—= (2 ) 272

4 4 Ol 3
- 2 4 0_—
A4a= 502 5 o012 8

_ 2 22' -2_ 2
Moo= 2222 922

A s
Ags=1. 21212 8

Which implies that the three values when n=2 that is k=0,1,2 are ¥z, 4 and %

For n=10, it is shown in the table below, and note the central term is always the

smallest

DISCRETE ARC SINE DISTRIBUTION OF ORDER 10
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=0 K=1=9 K=2=8 K=3=7 K=4=6 =5

Ak 20 0.1767 0.0927 0.0736 0.0655 0.0627 0.0606

3.1.2 CONTINUOUS ARC SINE DISTRIBUTION

The main features of the arc sine distribution are best explained by means of the

1

v =)

graph of the function; F(x)=

Using Stirling's formula it is seen that Us, is approximately (n) " except when the

graph of F(x)= \/% The construction shed light on the approximation n quite

small. This results to; A2k,2n~ n~'f(xx), where x,=n"'k;
The error encountered is ignorable except when k is very much closer to zero or n.

For 0<p<g<1 and large n, the sum of the probabilities Az n with pn<k<qa is there
for close to or equal to the area under the graph of F and above the interval p<x<gq.
This remains right also for p=0, which means it is right also for g=1, since p+q=1.

Because the total area beneath the graph equals one which is also true for the sum
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overall A n lastly, F(x)= ) 0<x<I can be integrated explicitly and we

1
v -
conclude that for fixed 0<x<I and n trending to infinite.

2 .
22 = —sinTty

Which implies that the continuous Arc sine distribution denoted by;
B(x)=2sin"t /"

And when the value of x is greater than half, we take B(1—x) = B(x)
Which implies that B(1-x) = Zsin~t Vi—

3.2 CHANGES OF SIGN

The practical study of chance fluctuations challenges us with a lot of paradoxes,
for example one should naively expect that in a lengthy coin-tossing game, the
observed number of changes of lead should increase roughly in proportion to the
duration of the game. Peter should lead about twice as often in a game that lasts
twice as long, this spontaneous reasoning is false. This will be shown that, in a
sense to be made precise, there should be \/  trials in the number of changes of

lead in n-trials, that is in 100n trials one should expect only 10times as many
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changes as lead as in n-trials. Which clearly proves that once more that the waiting

times amidst successive equalizations are likely to be very long.

We recall to random walk terminology, a change of sign is said to occur at a
particular time n if S, and Sy+1 are of opposite signs. That is in the cases S,=0,

where n is necessarily an even (Positive) integer.

3.3 MAXIMA AND FIRST PASSAGES:

Here, instead of paths that focuses more on the x-axis, we take into consideration
the paths that remain below the line x=a, that is, paths satisfying the condition;

So<a, Si<a, ..., Sn<a  iiiei, (1)

In situations like this, we say the maximum is less than "a" but greater than or
equals zero since So=0. Let T= (n, f) be a vertex with ordinate f< a. A path from
equation (1) to T touches or crosses the line x = a if it violates equation (1).
Recalling the reflexion principle the number of such paths equals the number of
paths from the origin to the point T'=(n,2a—f) which is the reflexion of T of the line

X=a.

LEMMATL: let f > a, the probability that a path of length n leads to T= (n, k) and

has a maximum less than or equals, Pn 2. r = P{S:=2a—f}.
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The probability that the maximum equals "a" is given by the difference Pnoa

Pnoato¢

Summing over all {< a we result to the probability that an arbitrary part of length n
has a maximum exactly equal to a. The sum reduces to Py, at Py, ar1. Now Py a
disappears unless n and a have the same thing and in this case Py, 2+1=0, we

therefore have,

THEOREM 1: The probability that the maximum of a part of length n equals a>0
coincides with the positive member of the pair P, and Py, 2+1 for a=0 and even

epochs, the assertion reduces to; P {S1<0, S2<0, ..., S2:<0} =Uz ........... (2)

We therefore come to a notion that plays a very crucial role in the general theory of
stochastic processes. A first passages through the point a>0 is said to take place at

epoch n if; Sl<a, ..., Sn—1<a, Sn=a ................... (3).

Looking closely at the present context, it would be preferable to speak of the first
visit, but the term first passage is well produced; furthermore, the term visit is not

at all related to continuous process.

Clearly, a path satisfying equation (2) must pass through (n—1, a—1) and its
maximum up to epoch n—1 must equal a—1. It is then clear that the probability for

this event equals Pn-1,a-1—Pn-1,2+1, and we also have
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THEOREM 2: The probability Q,, » that the first passage through "a" occurs at

epoch n is given by, Qa,n = %2 [Pa-1, a-1—Pn-1,a+1] evenee.. (4)

A trite, i.e. (no longer effective calculation) show that,

Note: the value of n and must be even or two of them must be odd so that (n+2)/a
will be an integer, if the above condition is not satisfied, the binomial coefficient

will always be interpreted as zero.

The distribution in equation in equation (5) is most interesting when “a” is large.
To obtain the probability that the first passage through “a” occurs before epoch N,
we must sum Q. , overall n< N. It then follows from the normal approximation that
only those terms will contribute significantly to the sum for which a%n is neither

very large nor very small to zero. That is, the approximation is;

In summation, it must be put in mind that “n” must be treated in the same equality

€

as a .
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CHAPTER FOUR

RANDOMWORK AND RUIN PROBLEMS

In this particular chapter, we shall be focusing on the Bernoulli trials, and again the
clear picture of betting and how random walk is being implemented and used to
simplify and enliven the data. Let us take a gambler for instance, wins a dollar with
probability of “p” and losses a dollar with probability of “q”. Let “z” represents his
initial capital and let him play against an opponent with initial capital “a-z”,
making “a” the total capital of both the gambler and his opponent. The game will
never stop until either one of the gambler or opponent is ruined, that is the
gambler’s capital is reduced to zero or increased to “a”. Our interest here on this
scheme is the probability of the gambler’s ultimate ruin and the probability

distribution of the duration of the game. This is referred to as the real classical ruin

problem.
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Real life applications and analogies brought about the more flexible interpretation
in term of the notion of a variable point or “particle” on the x-axis. This suppose
particle commence from the initial position “z”, and accelerates at regular time
intervals with a unit movement to the positive or negative x-axis, depending on
whether the corresponding trial out resulted in either success or failure. The
position of the particle after n-steps stands for the gambler’s capital at the end of
the nth trial. The particle therefore performs a random walk with absorbing barriers
at “0” and “a”, that is the trial automatically when for the first time reaches “0” or
“a”, which means the random walk is restricted to the possible positions 1,2,3, ...,
a-1; which implies the random walk is called unrestricted because of the absence of

the absorbing state “0” and “a”.

Note: Random walk is labelled symmetric when p=q=%

4.1 THE CLASSICAL RUIN PROBLEM

After denoting “z” as the gambler’s capital; “a-z” as the opponent capital and “a”
as their combine capital from the beginning of this chapter. We therefore go ahead
and denote q, as probability of gamblers ultimate ruin and p, as the probability of
him winning. In random walk theory terminologies, g is the probability that the

particle starting a + z will reach an absorbing state at zero and p, reaching an
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absorbing state at “a”. We shall therefore show that p,+ q, =1, so that the

probability of an unending game will not be will not be considered.
After the first trial;

z+1

<
A

Which implies the gamblers new capital is now either z-1 or z+1 and we therefore

have; qQZ=pque1+ qQz1 cvvvvverieiiiiiiiiieann, 4.1)

And provided 1<z<a-1. For z=1, the first trial might lead to ruin if the the gambler

losses
2

.

Meaning, qi= pq2tqo, Qo=1 «eevvriveiiiiiiiiia, (4.2)

And similarly for z=a-1, the first trial may also result to victory

/'a
41



a-1 \
a-2

Which implies qa-1= qqa2, Qa=0 ceveviriiiiiiii i 4.3)

To unify our three equation using the definition qo=1 and qi= 0. We verify this
using the difference equation, where z=1,2,3, ..., a-1. We make use of the first

equation which is the general equation;

4= Pqz+1=qz-1

let = x* for p # q, that is not symmetric.

Xr=px?*1+qx=!

1= px+qx! (dividing through by x?)

Px?-x+q= 0 (multiplying through by x) ................ (4.4)

We then use the quadratic formula method to solve the quadratic equation, we
result to;

Recall: p+qg=1
(ptq)*=p*+q*+2pq
(p+tq)*-2pq =p**+q’
(1-2pq)-2pq =p*+q*-2pq
1-4pq =(p-q)°

Which implies that equation (5) becomes;
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X=1or-
The general solution of the difference equation is,

q.=A(y+ ()

= 4+ (_) ............................................... (4.6)
0=1 =0

A+B =1 e, (*)

+ (_) =0 e,

(**)
Solving equation (*) and (**) simultaneously and inputting the value of A and B
into (6) yields;

0-0
e

The above argument will be baseless if p=q=%

Therefore, the equation (4.7) is meaningless because in this case the two formal
: : : : 1
particular solutions g, =1 and q,= (—) are identical. However, when p=q=, we

have a second solution in g, =z, which implies;

Q=A+Bz (4.8)
Using =1 =0
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A=1 . (1)
A+B.=0 )

. -1
Thatis, =—

Then, inputting the value of A and B into equation (4.8) makes it becomes

We have therefore successfully proved the probability of gambler’s ruin when p#q
and when p=q. To therefore get the probability of the gambler’s winning which
also mean the probability of the opponent’s ruin, we replace p, q and z by q, p and
a-z respectively. Then we have;

_0-0

= —————whenp #q, and

() -
——= - when p=q

We can again formulate our result differently as follows; Let a gambler with an
initial capital z, play against an infinitely rich opponent who is always ready who is
always ready to play, and then the gamblers given opportunity to stop at his own
pleasure. The gambler then come with the the strategy of then playing until he

either loses his capital or increases to “a” (that he feels he already won), with a net
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gain of a-z. Having  as his probability on ruiningand 1 — = asthe

probability of his winning.

Under this system, the gambler ultimate gain or loss is represented by a random
variable G, which assumes value of — and - with probabilities1 — =

and  respectively.

Gain Probability

— 1 —
That is, in finding the expected gain, we have;

EG=-(()+( —-)A- )

EG)=—-— + - - +
Which implies;
E(G)= (1= )= (4.11)

And, obviously E(G) = 0 if and only if p=q. Meaning if a system is described an
“unbiased”, game remains unbiased and no biased game can be changed to a fair

onc.

We therefore look into the effect of changing stakes, let’s say changing the unit
from a dollar to a half dollar, this is equal to doubling the initial capitals. Then the
corresponding ruin  is gotten from equation (4.7) replacing z and a to 2z and 2a

respectively;
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Then we state again the conclusions as follows if the stakes are doubled and the

initial capital of the gambler remain the same, it lowers the probability of ruin of
the gambler who has < %probability of success and increases that of the

opponent .

The probability of increasing stakes is mostly done as expected. Generally, if k
dollars are staked at each trial, we then look for the probability of the gambler’s
ruin from equation (4.7) by replacing z and a by z/k and a/k respectively; That is,
the probability of ruin reduces as the stake increases. Assuming a game whose
stakes are constant, the probability of ruin of the gambler therefore reduces by him
selecting the stake as large as possible, and him being consistent with his goal of
gaining an amount fixed in advance. (stake big take lesser risk, stake small take
bigger risk, that’s why gamblers will always be ruin).
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For k stake, = ————— (4.13)

EXAMPLE 1: Let us assume a game played by Joshua who owns 80dollar and
John 20dollar, letting p=0.45, with the game being unfair to Joshua. If the stake is
ldollar at each trial, find the probability of Joshua ruin? If the stake is then
increased to 10dollars in the same game, we will now see what the probability of

Joshua turns out to be.
SOLUTION

P =0.45, q=0.55, z= 80dollar, a = 100d0llar

Which implies that, for the stake of 1dollar

<0.55)1°° B <o.55)

0.45 0.45
0.55) 1%

<0.45> -1

= 0.9819

80

Now, for the stake 10dollar for each trial. - =10, — =8
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055\1° /0558
_ (6s) ~(6a8)
B 0.55y 1
(oas) 1

= 0.3819

Which is lesser than that of the stake of one dollar in each trial.

EXAMPLE 2: Mr. Oshoke has a gaming machine, to play a game you insert $1
and press a button. A player is said to receive $2 from the machine if he wins with

probability 0.45 or nothing from the machine if he loses with probability of 0.55.

At the beginning of the series of a series of games, Peter as a gambler had $90
when there is nothing in the machine and there is $10 in the machine from the
onset. Peter then decided to play until either he is ruined or there is no money in

the machine, was the game fair? And what was is expected gain?

SOLUTION

0 -0
() -

P=0.45,q=0.55,z=$80and a=$90

Inputting the value of p, q, zand a into  yields;
=0.86556937966
+ =1
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Which implies; = 0.1344306234

The game can only be fair if p=q, and since 0.45#0.55, then the game is not fair.

And for expected gain;

EG= 1- )-

E(G)=90( )—80
E(G)=—67.901243894

Which implies lost since it has negative.

The limiting case a=co in relating to a game against infinitely rich adversary.
Letting a—o0 in equation (4.7) and (4.9), yields;

=1 <

0 -

Where represents the probability of the gambler's ultimate ruin with z as the
initial capital playing against an infinitely rich adversary. That is the gambler will
always be ruin when playing an infinitely rich adversary, given that p < q (just as
the case of bet9ja). In the case of random walk terminology,  is the probability

that a particle starting at z > 0 will never get to the origin, that is, in the case of a
walker starting at the origin, the probability of ever getting to the position z> 0 is 1

if p < q and equals (—) when p > q.

4.2 EXPECTED DURATION OF THE GAME

The probability distribution of the duration of the game will be proved in the
following section, therefore the expected value can be derived by a much easier
way. We shall therefore assume that the game duration has a finite expectation “D”.

If the initial trial results in success, we continue the game as if the initial position is
already z+1. Then the conditional expected duration assuming success at the first
trial 1s Dy+1.
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The proof of the above affirmation shows that the expected duration D, satisfies
the difference equation.

I|) | | a Forp=q
0 z+1
1
2
z+1
which implies that;
= +1 T e 1 . 0<Z<a (414)

The significant of one in the equation makes it non-homogeneous. If it's in the case
of # ,wewillhave = — which 1s a formal solution of the above
equation with boundary condition Do =0, and D, =0

The difference  of any two solutions of equation (4.14) also satisfies the

homogeneous equation; = 41t _1, and we already know from the

beginning of the chapter that every solution of this equation are of the form;
+ (—) . It implies that when p # q, every solution of equation (4.14) are of

the form;
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+ (_) = i (2)

51



Here again, the method stop working when p=q=1 to do away with the breakdown,
> y

we replace — by —Z* And then it implies that all solution of the form 4.14 with

P=q=% are of the form; [D,=-Z2+A+ B, ........... (4.17)

Working the boundary condition Dy = 0 and D, =0, we have that

A=0

A%+ Ba=0

B=a

Impute the value of A and B with (4.17) yields,
D,=-7>+az

D,-z(a-z) (4.18)

This implies that equation (4.16) and (4.18) gives us the expected duration
of the game in classical ruin problem of when p # q and whenp =q = %

respectively.

NOTE: This game duration is considered longer than we might have
imagined. Taking a look into two players with 300 dollars each, engaging in
a coin tossing game until one is ruined, the average duration of this game is

9000 dollars. And if a gambler with just 1 dollar is playing against an
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adversary with 1000 dollar the average duration is 1000 trials using equation
(4.18)

Let us also consider a game against an infinitely rich adversary, whereby a
tends to infinity, if p >q, the game may last forever, and considering this

case there will be nothing like expected duration, and when p is < g, we use

the formula — to get the expected duration, but in the case when p=q, the

expected duration is said to be infinite.

CHAPTER FIVE

RESEARCH OUTCOME

5.1 CONCLUSION

According to this project, Random Walk Theory as far as this project is
concerned is more applicable in ballot theorem; and in gambler’s ruin,
whereby the gambler's initial capital is “z”, with “a” total capital. The
probability of the gamblers ultimate ruin when playing against an infinitely

rich opponent is one, and in a situation where both the gambler and the
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adversary are both infinitely rich, and p = q, the game might last forever,
unless the game is stopped.

The Gambler's ruin problem is a great example of how you can take a
complex situation and derive an easy general form from it using statistical
tools. It might be difficult to believe that, given a fair game (where p = q).
The probability of someone winning enough games to claim the total capital
of both players is determined by their initial and total capital. This
conclusion that we arrived at was enhanced by the use of an additional view.
Additionally, its not advisable for a gambler who is not infinitely rich

playing and locking horns with an infinitely rich opponent in an unfair game.
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